arXiv:hep-th/0311253 v1 26 Nov 2003

Let’s twist again

Christian Brouder*, Bertfried Fauser♯, Alessandra Frabetti†, and Robert Oeckl‡

* Laboratoire de Minéralogie-Cristallographie, CNRS UMR 7590, Universités Paris 6 et 7, IPGP, 4 place Jussieu, F-75252 Paris Cedex 05, France

♯ Universität Konstanz, Fachbereich Physik, Fach M678, D-78457 Konstanz, Germany

† Institut Girard Desargues, CNRS UMR 5028, Université de Lyon 1, 21 av. Claude Bernard,

F-69622 Villeurbanne, France

‡ Centre de Physique Théorique, CNRS UPR 7061, F-13288 Marseille Cedex 9, France

November 26, 2003

Abstract

We exhibit a Hopf superalgebra structure of the algebra of field operators of quantum field theory (QFT) with the normal product. Based on this we construct the operator product and the time-ordered product as a twist deformation in the sense of Drinfeld. Our approach yields formulas for (perturbative) products and expectation values that allow for a significant enhancement in computational efficiency as compared to traditional methods. Employing Hopf algebra cohomology sheds new light on the structure of QFT and allows the extension to interacting (not necessarily perturbative) QFT. We give a reconstruction theorem for time-ordered products in the spirit of Streater and Wightman and recover the distinction between free and interacting theory from a property of the underlying cocycle. We also demonstrate how non-trivial vacua are described in our approach solving a problem in quantum chemistry.

Contents

1 Introduction 3

2 Free quantum field theory 5 2.1 Mathematical basis . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.1.1 Hopf ∗-superalgebra . . . . . . . . . . . . . . . . . . . . . 5 2.1.2 Laplace pairing . . . . . . . . . . . . . . . . . . . . . . . . 6 2.1.3 Twisted product . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 The Hopf superalgebra of creation and annihilation operators . . 6 2.2.1 The superalgebra structure . . . . . . . . . . . . . . . . . 7 2.2.2 The Hopf ∗-superalgebra structure . . . . . . . . . . . . . 8 2.3 The Hopf superalgebra of field operators . . . . . . . . . . . . . . 9 2.3.1 The field operators . . . . . . . . . . . . . . . . . . . . . . 9 2.3.2 The Hopf superalgebra of fields . . . . . . . . . . . . . . . 9 2.4 Operator and time-ordered product of field operators . . . . . . . 10 2.4.1 The algebra of operator products Â_O . . . . . . . . . . . . 10 2.4.2 Operator twisting of the algebra of fields . . . . . . . . . . 12 2.4.3 Time-ordered twisting of the algebra of fields . . . . . . . 13 2.4.4 ∗-structure and real Laplace pairings . . . . . . . . . . . . 14 2.4.5 Closed formulas for Wick expansion and expectation values 14

3 Cohomology 16 3.1 Cohomology of Hopf superalgebras . . . . . . . . . . . . . . . . . 16 3.1.1 Convolution product . . . . . . . . . . . . . . . . . . . . . 16 3.1.2 Cochains and coboundary . . . . . . . . . . . . . . . . . . 16 3.1.3 Cohomology groups . . . . . . . . . . . . . . . . . . . . . 17 3.2 Drinfeld twist . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 3.2.1 Twisting Hopf superalgebras and comodules . . . . . . . . 18 3.2.2 Twisting and ∗-structure . . . . . . . . . . . . . . . . . . . 19 3.3 Cohomology in quantum field theory . . . . . . . . . . . . . . . . 19 3.3.1 The twisted field algebras as Drinfeld twists . . . . . . . . 19 3.3.2 Cohomology of Sym(V ) . . . . . . . . . . . . . . . . . . . 20 3.3.3 The operator product . . . . . . . . . . . . . . . . . . . . 21 3.3.4 The time-ordered product . . . . . . . . . . . . . . . . . . 21

4 Interactions 23 4.1 Standard perturbation theory . . . . . . . . . . . . . . . . . . . . 23 4.2 Beyond perturbation theory . . . . . . . . . . . . . . . . . . . . . 24

5 Non-trivial vacua 25

6 Conclusions and outlook 27

A Introduction to Hopf ∗-superalgebras 29 A.1 Hopf superalgebras . . . . . . . . . . . . . . . . . . . . . . . . . . 29 A.2 Hopf ∗-superalgebra . . . . . . . . . . . . . . . . . . . . . . . . . 30 A.3 The symmetric Hopf superalgebra . . . . . . . . . . . . . . . . . 31

B Cohomology computations for Sym(V ) 32 B.1 Cohomology groups of bosonic Sym(V ) . . . . . . . . . . . . . . . 32 B.2 Proofs of cohomological statements . . . . . . . . . . . . . . . . . 32

1 Introduction

The purpose of this article is to present a new approach to the algebraic and combinatorial structures at the heart of quantum field theory (QFT). This approach has merits on the practical as well as on the conceptual side. On the practical side it allows for a major computational enhancement based on an efficient description of the combinatorics and on non-recursive closed formulae. On the conceptual side it gives new insights into the algebraic structure of QFT. We evidence this through applications to non-perturbative QFT and non-trivial vacua.

The starting point of our approach is the identification of a Hopf algebraic structure at the core of QFT. That is, the algebra of field operators with the normal product is a Hopf superalgebra. This means that besides the product there is a coproduct that describes, intuitively speaking, the different ways in which a product of field operators might be partitioned into two sets. Indeed, it is this coproduct that plays the key role in a closed description of combinatorial structures and that allows for computationally efficient algorithms. Another key structure of the Hopf superalgebra is the counit. This turns out to describe the standard vacuum expectation value. Algebraically, this Hopf superalgebra is the graded symmetric Hopf algebra (described in detail in Appendix A.3, see also [1, Appendix 2]). The conceptual origin of this Hopf superalgebra is rather simple. Identifying the normal ordered products with functionals on field configurations, the coproduct is induced by the linear addition of fields.

The second main step consists in identifying the standard canonical quantization with a twist in the sense of Drinfeld [2]. More precisely, the operator product emerges as a twist deformation of the normal product. As is common we deal here at first with the free QFT. The twist is induced by a Laplace pairing which in turn is determined by a suitable propagator. Furthermore, the time-ordered product can be obtained similarly as a direct twist deformation of the normal product. In this case, the Laplace pairing is determined by the Feynman propagator. Since vacuum expectation values of time-ordered products are the main ingredients of physical scattering amplitudes this allows the use of our methods in actual calculations of physical quantities.

It is one of the basic facts in quantum field theory that Wick’s theorem relates normal and time-ordered correlation functions [3, 4, 5]. It was only recently noticed by Fauser that this transformation can be advantageously described in Hopf algebraic terms [6, 7, 8]. This is indeed a crucial ingredient of our construction, which allows us to prove that the twists yield the desired products. In particular, we show that the Hopf algebraic Wick transformation can be applied to yield the operator product from the normal product in a way analogous as for the time-ordered product.

Other aspects of our approach described so far are also present in the literature in different guises. Oeckl used the (dual of the) present Hopf algebra structure to generalize QFT [9, 10] to quantum group symmetries and the twist to describe QFT on noncommutative spaces [11]. Borcherds defined vertex algebras with quantum group methods [12, 13]. In particular, he uses a construction similar to the twist in a related context. The research of the present paper was initiated by Brouder [14] and a preliminary presentation of parts of this work was given in [15].

The closed formulae emerging in our framework facilitate highly efficient computations of products and expectation values. This is mainly due to the heavy use of the coproduct structure. Indeed, this is well known in combinatorics where Hopf algebraic methods are established for this purpose. We know from computer algebra calculations that precisely the techniques employed enhance performance and that in a well defined sense no algorithm can come up with less terms, see [16, 17]. While the twisted products described so far are the products of the free QFT our framework is naturally compatible with the usual perturbation theory and thus applicable to it. This implies that the computational advantages directly apply to perturbative QFT.

The third step consists in exploiting the Hopf algebra cohomology theory due to Sweedler, which underlies the twisted product [18]. (In that work twisted products of the type used here where also introduced for the first time.) Besides affording conceptual insight this yields immediate practical benefits. Among these is the realization of the time-ordering prescription of QFT as an algebra isomorphism. This in turn can be used on the computational side.

The cohomological point of view affords a further extension of our framework. Significantly, twisted products can not only be defined with Laplace pairings, but with 2-cocycles, of which Laplace pairings are only a special case. Remarkably, it turns out that 2-cocycles that are not Laplace pairings lead to (non-perturbatively described) interacting QFTs. Moreover, any QFT (with polynomial fields) can be obtained in this way. A QFT is free if and only if the 2-cocycle is a Laplace pairing.

A further application of the cohomology that we develop is to non-trivial vacua. We show that changing the choice of vacuum can also be encoded through a twist. Indeed, it turns out that there is a “duality” or correspondence between the choice of vacuum and that of product. We exemplify this result by solving a problem posed by Kutzelnigg and Mukherjee [19] regarding “adapted normal products” in quantum chemistry. While they were able to give only examples for low orders, our framework yields closed formulas for all orders. Our method is capable of describing condensates too, as we know from [20].

Although we do not develop this point of view in the present paper, a twist in the sense used here is automatically an (equivariant) deformation quantization. Indeed, this was one of the original motivations for Drinfeld to introduce this concept [21]. This means that our approach is thus inherently connected to the deformation quantization approach to QFT. This approach starts also with the normal ordered product and views the other products as deformations of it. See the recent paper by Hirshfeld and Henselder [22].

The paper is roughly divided into three parts. The first, consisting of Section 2 starts by introducing a few essential mathematical concepts. Then, the Hopf algebra structure of the normal ordered field operators is developed. Next, the operator and time-ordered products are constructed as twisted products induced by Laplace pairings. We finish the section with closed formulas for Wick expansions, the various products and expectation values showing the practical efficiency of the framework. This part of the paper is intended for a broad audience and should be readable without prior familiarity with Hopf algebras.

The second part of the paper consists of Section 3. Here we go deeper into the underlying mathematics, starting with a brief review of Hopf algebra cohomology and Drinfeld twisting. Then we turn to the implications for QFT. In particular, we describe the cohomological understanding of the operator and time-ordered product as twisted products. Among other practical consequences we derive the time-ordering operation as an algebra isomorphism.

The third part of the paper presents further results emerging from the cohomological insights. It consists of Sections 4 and 5. In Section 4 interactions are treated. Firstly, we show that our framework is compatible with perturbation theory and thus allows the application of our methods there. Secondly, we consider general (and not necessarily perturbative) quantum field theory and show that our framework naturally extends to it. In particular, we present the reconstruction theorem that allows to describe any (linear and polynomial) QFT through a 2-cocycle. In Section 5 we show how choosing non-trivial vacua can be naturally expressed in our framework. Moreover, we demonstrate the efficient solution of a problem arising in quantum chemistry with our approach.

After conclusions and outlook the paper ends with two Appendices. Appendix A gives some elementary definitions on Hopf superalgebras and in particular the graded symmetric Hopf superalgebra that plays the crucial role in this paper. The terminology of Hopf ∗-superalgebras is not unique and even in general incompatible between different sources. So a further value of this appendix is that it collects in a coherent and compatible way notions scattered in the literature. Appendix B consists firstly of a short description of the cohomology groups in the bosonic case and secondly of the more technical proofs of Propositions and Lemmas appearing in the main text.

We refer readers who wish to know more about Hopf algebras and quantum group theory to [23] and [24]. The latter reference is particularly suitable for the cohomology theory and the twist construction.

2 Free quantum field theory

2.1 Mathematical basis

We start in this section by introducing a few mathematical concepts that will be required throughout the article. These are, apart from Hopf (super)algebras, the Laplace pairing and the twisted product. It should be possible even for the reader without previous experience with Hopf algebras to follow the main steps of Section 2. Indeed, a first reading should be possible without paying too much attention to the details of definitions.

2.1.1 Hopf ∗-superalgebra

Recall that a Hopf algebra H, besides being an associative algebra with a unit, has a coproduct Δ : H → H ⊗ H, a counit ε : H → C and an antipode γ : H → H, satisfying compatibility conditions. For the coproduct we use Sweedler’s notation Δa = ∑ a_{(1)} ⊗a_{(2)} . A superalgebra A is a Z_2-graded algebra so that |ab| = |a| + |b| modulo 2 where |a| denotes the parity of the element a, |a| = 0 if it is even (bosonic) and |a| = 1 if it is odd (fermionic). A Hopf superalgebra is a superalgebra with unit and Z_2-graded coproduct, counit and antipode. A ∗-(super)algebra is a (super)algebra A with an antilinear map

∗ : A → A such that (ab)^∗ = b^∗a^∗. A Hopf ∗-superalgebra is a Hopf superalgebra and ∗-superalgebra where the ∗-structure is compatible with coproduct, counit and antipode.

We refer the reader who is not familiar with these notions or wishes to recall their details to the Appendix A, where the complete definitions are given on an elementary level.

2.1.2 Laplace pairing

We introduce now the concept of Laplace pairing which is relevant to interpret Wick’s theorem in terms of Hopf superalgebras.

Let H be a Hopf superalgebra that we require to be graded cocommutative. That is, the coproduct satisfies a_{(1)} ⊗ a_{(2)} = (−1)^{|a(1) ||a(2)|}a_{(2)} ⊗ a_{(1)}. A pairing on H is a linear map (·|·) : H ⊗ H → C . It is called even if (a|b) = 0 when the parities of a and b are different. A Laplace pairing^1 on H is an even pairing on H such that the product and the coproduct are dual in the sense that (aa^′|b) = ∑ (−1)^{|a′ | |b(1)|}(a|b_{(1)} )(a^′|b_{(2)}), (1) (a|bb^′) = ∑ (−1)^{|a(2) | |b|}(a_{(1)} |b)(a_{(2)}|b^′), (2)

and the unit and counit are dual as follows,

(1|a) = (a|1) = ε(a). (3)

2.1.3 Twisted product

A Laplace pairing on H can be used to deform the product of H. Sweedler [18] defined the twisted product on H, which we denote by ∘, as^2 a ∘ b = ∑ (−1)^{|a(2) | |b(1)|} (a_{(1)} |b_{(1)})a_{(2)}b_{(2)} (4)

The twisted product ∘ is associative, and 1 is also the unit for ∘. As we shall see later, this twisted product yields an elegant way to write Wick’s theorem. From the mathematical point of view, this arbitrary seeming definition can be understood as a special case of the more fundamental Drinfeld twist discussed in Section 3.2.

Notice also that the twisted product is not compatible with the coproduct: in general Δ(a ∘ b) ≠ ∑ (−1)^{|b(1) ||a(2)|}(a_{(1)} ∘ b_{(1)} ) ⊗ (a_{(2)} ∘ b_{(2)}).

2.2 The Hopf superalgebra of creation and annihilation operators

In this section, we define the Hopf superalgebra of creation and annihilation operators. The fermion and boson creation and annihilation operators will be

1This name was given by Rota some time ago [25, 26], because equations (1) and (2) are an elegant way of writing the Laplace identities for determinants. Equation (1) is called expansion by rows and equation (2) expansion by columns. They express the determinant in terms of minors (see Ref. [27] p.26 and Ref. [28] p.93) and were derived by Laplace in 1772 [29]._2

Sweedler considered only the bosonic case. He called the product a crossed product and his definition was somewhat more general (in a different direction).

treated in a unified way. Normal products of creation and annihilation operators form a well-known graded commutative superalgebra, called the symmetric superalgebra (see Appendix A). In this section, we define a coproduct and a counit which are compatible with the normal product, and we equip the normal products of operators with the structure of a Hopf superalgebra. The Hopf superalgebra of creation and annihilation operators will be used to define the Hopf superalgebra of quantum fields.

We first denote by φ(x; s) the solutions of the classical field equations (e.g. the classical Klein-Gordon, Dirac or Maxwell equations). The solution φ(x; s) is a function of the spacetime variable x and s indexes the solutions of the classical field equations. In the vacuum, s is the 3-momentum k for scalar fields. For Dirac fields there are positive energy solutions φ_>(x, s) with s = (k, α) and α = 1, 2 for up and down spin states and negative energy solutions φ_<(x, s) with s = (k, α) and α = 1, 2 for up and down spin states. For the classical field equations in an external potential, s is a discrete index for the bound state and a continuous index for the scattering states. For x = (0, r), the set of functions φ(x; s) is assumed to form a suitable space of functions of r. The functions φ(x; s) will be used to define quantum fields.

2.2.1 The superalgebra structure

The creation and annihilation operators are denoted by a^†(s) and a(s), respectively. They create and annihilate a particle in the state s. They are operators acting on a Fock space F and their precise definition is given in ref. [30] p.218. The normalized state of F corresponding to no particles is called the vacuum and denoted by |0⟩. The parity of these operators is |a(s)| = |a^†(s)| = 1 for a fermion field and |a(s)| = |a^†(s)| = 0 for a boson field. The operator product of two operators u and v is written uv. The (anti)commutation relations among creation operators and among annihilation operators of bosons (fermions) [31] can be summarized as a(s)a(s^′) = (−1)^{|a(s)||a(s′)|}a(s^′)a(s), a^†(s)a^†(s^′) = (−1)^{|a†(s)||a†(s′)|}a^†(s^′)a^†(s). (5) These equations mean that two annihilation operators or two creation operators commute for bosons, anticommute for fermions and commute for a boson and a fermion.

The superalgebra Â_N of normal products is generated as a vector space by products of creation operators on the left of products of annihilation operators. For example u = a^†(s_1) . . . a^†(s_m)a(s_{m+1}) . . . a(s_{m+n}) is an element of Â_N . The parity of u is |u| = |a^†(s_1)| + · · ·+ |a^†(s_m)| + |a(s_{m+1})| + · · ·+ |a(s_{m+n})| modulo 2. The element given by m = 0 and n = 0 in this example is the unit operator denoted by 1. The product in Â_N is the normal product. In quantum field theory, the normal product of two elements u and v is denoted by :uv: but this notation becomes cumbersome when we manipulate various products of several fields, so we prefer to denote the normal product by u∨v, which is the standard mathematical notation for a graded-commutative product. The normal product is defined by a^†(s)∨a^†(s^′) = a^†(s)a^†(s^′), a^†(s)∨a(s^′) = a^†(s)a(s^′), a(s)∨a^†(s^′) = (−1)^{|a(s)||a†(s′)|}a^†(s^′)a(s), a(s)∨a(s^′) = a(s)a(s^′) and extended to Â_N by associativity and linearity. From the definition of the normal product and the relations (5), we see that if u and v are in Â_N , u∨v = (−1)^{|u||v|}v∨u. That is, the normal product is graded commutative. Hence, the superalgebra Â_N is a graded-commutative associative superalgebra with unit 1. These results can be summarized in the following proposition

Proposition 2.1. If V̂ is the vector space generated by a(s) and a^†(s) (for all s), the superalgebra Â_N of normal products has the structure of the symmetric superalgebra Sym(V̂ ).

The symmetric superalgebra Sym(V̂ ) is described in Appendix A. If the theory contains bosons and fermions the vector space V̂ generated by a(s) and a^†(s) for all s can be written as V̂ = V̂_0 ⊕ V̂_1, where V̂_0 is generated by the boson operators and V̂_1 by the fermion operators.

From Appendix A we know that Sym(V̂ ) has the structure of a Hopf superalgebra. Thus, the superalgebra of creation and annihilation operators has a Hopf superalgebra structure that will be discussed in the next section. For later convenience, we distinguish the superalgebra Â_N of creation and annihilation operators without the full Hopf structure, and the Hopf superalgebra of creation and annihilation operators, that we denote by Ĥ.

2.2.2 The Hopf ∗-superalgebra structure

Starting from the Hopf superalgebra Sym(V̂ ), we see that the coproduct of the Hopf superalgebra Ĥ of creation and annihilation operators is defined by Δ1 = 1 ⊗ 1, Δa(s) = a(s) ⊗ 1 + 1 ⊗ a(s), Δa^†(s) = a^†(s) ⊗ 1 + 1 ⊗ a^†(s) on V̂ and extended to Ĥ by Δ(u_∨v) = ∑(−1)^{|u}(2)^{||v}(1)^|(u_{(1) ∨}v_{(1)} ) ⊗ (u_{(2) ∨}v_{(2)} ). For example, if a = a(s), b = a(s^′) and c = a(s^{′′}), Δ(a∨b) = (a∨b) ⊗ 1 + a ⊗ b + (−1)^{|a||b|}b ⊗ a + 1 ⊗ (a∨b), Δ(a∨b∨c) = 1 ⊗ a∨b∨c + a ⊗ b∨c + (−1)^{|a||b|}b ⊗ a∨c +(−1)^{|a||c|+|b||c|}c ⊗ a∨b + a∨b ⊗ c + (−1)^{|b||c|}a∨c ⊗ b +(−1)^{|a||b|+|a||c|}b∨c ⊗ a + a∨b∨c ⊗ 1. In general

Δ(u^1∨ . . . ∨u^n) = ∑ (−1)^F u^1_{(1)}∨ . . . ∨u^n_{(1)} ⊗ u^1_{(2)} ∨ . . . ∨u^n_{(2)}

for any u^1, . . . , u^n ∈ Ĥ and with F = ∑_n k=2 ∑_{k−1} l=1 |u^k_{(1)}||u^l_{(2)}|.

In particular, if a_1, . . ., a_n are creation or annihilation operators, the coproduct of a_1∨ . . . ∨a_n is given by equation (36) of Appendix A.3.

The counit of Ĥ is defined by ε(1) = 1, ε(a(s)) = 0 and ε(a^†(s)) = 0 and extended to Ĥ by ε(u∨v) = ε(u)ε(v) for any u and v in Ĥ. Therefore ε(u) = 0 if u = a^†(s_1) . . . a^†(s_m)a(s_{m+1}) . . . a(s_{m+n}) for m > 0 or n > 0. The relation between Hopf algebra and quantum field concepts is strengthened by the following

Proposition 2.2. For any normal product, i.e. any element u ∈ Ĥ, the counit is equal to the vacuum expectation value: ε(u) = ⟨0|u|0⟩.

To show this, we evaluate ϵ(u) and ⟨0|u|0⟩ for all elements of a basis of Ĥ. The proposition is true for the unit because ε(1) = 1 = ⟨0|1|0⟩. Take now a basis element of Ĥ u = a^†(s_1) . . . a^†(s_m)a(s_{m+1}) . . . a(s_{m+n}) for m > 0 or n > 0. Then ε(u) = 0 = ⟨0|u|0⟩. The result follows for all elements of Ĥ by linearity of the counit and of the vacuum expectation value. This relation between the counit and the expectation value over the vacuum was already pointed out in [6].

To complete the description of the Hopf superalgebra Ĥ, we define its antipode by γ ( a^#(s_1)∨ . . . ∨a^#(s_n) ) = (−1)^na^#(s_1)∨ . . . ∨a^#(s_n), where a^#(s_i) stands for a^†(s_i) or a(s_i). Moreover, Ĥ has a ∗-structure generated by a(s)^∗ = a^†(s).

2.3 The Hopf superalgebra of field operators

The operators used in the superalgebra Â_N of normal products are independent of space and time, they are indexed by the solutions of the classical equation. Now we introduce space- and time-dependent field operators for Dirac and scalar fields. An excellent description of field operators can be found in [30].

2.3.1 The field operators

To define the Dirac field operator, we need to split the set of solutions of the Dirac equation into two groups, the positive energy states φ_>(x; s) and the negative energy states φ_<(x, s). The solutions with positive energy are φ_>(x; n) with energy E_n < m (where m is the electron mass) for bound states and φ_>(x; k, α) with energy ω_k = √ k · k + m^2 for continuum states. The solutions with negative energy are assumed to be always continuum states φ_<(x; k, α) with energy −ω_k.

The Dirac field operator is defined by [31] ψ(x) = ∑ n φ_>(x; n)b_n + ∫ dμ(k) 2∑ α=1 φ_>(x; k, α)b_α(k) + φ_<(x; k, α)d^†_α(k).

In this expression, dμ(k) = m/(8π^3ω_k)dk. Its Dirac adjoint is ψ(x) = ∑ n φ̄_>(x; n)b^†_n + ∫ dμ(k) 2∑ α=1 φ̄_>(x; k, α)b^†_α(k) + φ̄_<(x; k, α)d_α(k).

with φ̄ = φ^†γ^0 [31], where φ^† is the adjoint of the spinor φ. The creation and annihilation operators are b^†_n and b_n for bound states, b^†_α(k) and b_α(k) for positive energy scattering states and d^†_α(k) and d_α(k) for negative energy scattering states.

For a neutral scalar field ϕ(x) in the vacuum, the construction is simpler ϕ(x) = ∫ ( φ(x; k)a(k) + φ^†(x; k)a^†(k) ) dμ(k). 2.3.2 The Hopf superalgebra of fields

We define V as the vector space generated by the free fields (e.g. ψ(x), ψ(x) and A^μ(x) for all x in quantum electrodynamics). Then the Hopf superalgebra Ĥ = Sym(V̂ ) extends to a Hopf superalgebra structure on H = Sym(V ). The normal product of creation and annihilation operators extends to a normal product of fields, also denoted by ∨. For example ϕ(x)∨ϕ(y) = ∫ dμ(k)dμ(q) ( φ^†(x; k)φ(y; q)a^†(k)∨a(q)

+φ^†(x; k)φ^†(y; q)a^†(k)∨a^†(q) + φ(x; k)φ(y; q)a(k)∨a(q) +φ(x; k)φ^†(y; q)a(k)∨a^†(q) ) . The coproduct is extended from the coproduct of Ĥ. This extension uses the fact that the transformation from V̂ to V is linear. For example

ΔA_μ(x) = A_μ(x) ⊗ 1 + 1 ⊗ A_μ(x), Δψ(x) = ψ(x) ⊗ 1 + 1 ⊗ ψ(x), Δ ( ψ(x)∨ψ(y) ) = ψ(x)∨ψ(y) ⊗ 1 + 1 ⊗ ψ(x)∨ψ(y) + ψ(x) ⊗ ψ(y) −ψ(y) ⊗ ψ(x). The counit of H is extended from the counit of Ĥ. Thus, ε(ϕ(x)) = ε(ψ(x)) = ε(ψ(x)) = 0. The antipode is defined by γ(u) = (−1)^nu if u is the normal product of n elements of V , and extended to H by linearity. H is a graded commutative and graded cocommutative Hopf superalgebra.

The ∗-structure of quantum field operators is deduced from the ∗-structure on creation and annihilation operators a(s)^∗ = a^†(s). It gives ϕ(x)^∗ = ϕ(x) for a neutral scalar field and ψ(x)^∗ = ψ^†(x) = ψ(x)γ^0 and ψ(x)^∗ = γ^0ψ(x) for Dirac fields. The ∗-structure is related to the charge conjugation operator C of Dirac fields by Cψ(x)C^† = iγ^2ψ(x)^∗ (see [31]).

2.4 Operator and time-ordered product of field operators

In this section we show that, by properly choosing the Laplace pairing, we can twist the normal product into the operator product or the time-ordered product. The twisted product on Ĥ or H is given by equation (4). From the coproduct of these Hopf superalgebras and the definition (4) of the twisted product, we obtain the following simple examples, valid for a, b and c in V̂ (or V ). a ∘ b = a∨b + (a|b), (6) (a∨b) ∘ c = a∨b∨c + (−1)^{|b||c|}(a|c)b + (−1)^{|a||b|+|a||c|}(b|c)a, a ∘ (b∨c) = a∨b∨c + (−1)^{|b||c|}(a|c)b + (a|b)c, a ∘ b ∘ c = a∨b∨c + (a|b)c + (−1)^{|b||c|}(a|c)b + (−1)^{|a||b|+|a||c|}(b|c)a. Now we are going to specify the Laplace pairings relevant to the algebra of normal products Ĥ and the algebra of fields H.

2.4.1 The algebra of operator products Â_O

We call Wightman pairing the Laplace pairing defined as follows. For a scalar field in the vacuum the Wightman pairing is

(a(k)|a^†(q))_+ = δ(k − q) ρ(k)

, (7) where ρ(k) = (2π)^{−3}m/ √ k · k + m^2, all the other pairings being zero. For Dirac fields we have

(b_n|b^†_p)_+ = δ_{np},

(b_α(k)|b^†_β(q))_+ = (d_α(k)|d^†_β(q))_+ = δ_{αβ} δ(k − q) ρ(k) , all the other pairings being zero. This Wightman pairing twists the normal product into the operator product and the algebra Â_N becomes the algebra Â_O . But we need first to prove the following proposition

Proposition 2.3. The twisted product defined by the Wightman pairing is equal to the operator product: for any elements u and v of Â_N , u ∘ v = uv.

For the case of a scalar field, we are going to show that the operator product of two elements u and v of Â_N is equal to the twisted product of these elements with the Wightman pairing (7). The proof for Dirac fields is analogous.

For two operators a and b, where a = a(s) or a = a^†(s) and b = a(s) or b = a^†(s^′), equation (6) tells us that a ∘ b = a∨b + (a|b)_+. On the other hand we know from Wick’s theorem [31] that the operator product satisfies ab = a∨b + ⟨0|ab|0⟩ (recall that a∨b = :ab:). The Wightman pairing was defined precisely so that (a|b)_+ = ⟨0|ab|0⟩, thus a ∘ b = ab. This equality is valid for any elements a and b in V̂ , the vector space generated by a(s) and a^†(s).

We must now prove that uv = u ∘ v for any u and v in Â_N . This is done by using Wick’s theorem [3]. Wick’s theorem is very well known, so we recall it only briefly. It states that the operator product of some elements of V̂ is equal to the sum over all possible pairs of contractions (see e.g. [32] p.209, [33] p.261, [34] p.85). A contraction^3 ab is the difference between the operator product and the normal product. ab = ab − a∨b, so that ab = ⟨0|ab|0⟩ = (a|b)_+.

If u = a_1∨ . . . ∨a_n, Wick’s theorem for bosons is proved recursively from the following identity [3]: ub = u∨b + n∑ j=1 (a_j |b)_+ a_1∨ . . . ∨a_{j−1}∨a_{j+1}∨ . . . ∨a_n. (8) Thus, to show that u ∘ b = ub we must recover equation (8) from our definition. In other words, we must prove u ∘ b = u∨b + n∑ j=1 (a_j|b)_+ a_1∨ . . . ∨a_{j−1}∨a_{j+1}∨ . . . ∨a_n. (9) To show this, we make a recursive proof with respect to the degree of u. We recall that an element has degree k if it can be written as the normal product of k creation or annihilation operators (see section A.1). We use the definition (4) of the twisted product and the fact that Δb = b ⊗ 1 + 1 ⊗ b to find u ∘ b = u∨b + ∑ (u_{(1)}|b)_+u_{(2)} . (10)

The Wightman pairing (u_{(1)} |b)_+ is zero if u_{(1)} is not of degree 1. According to equation (36) for Δu, this happens only for the (1, n − 1)-shuffles. By definition,

3 Contractions were first used by Houriet and Kind [35].

a (1, n − 1)-shuffle is a permutation σ of (1, . . ., n) such that σ(2) < · · · < σ(n), and the corresponding terms in the coproduct of Δu are n∑ j=1 a_j ⊗ a_1∨ . . . ∨a_{j−1}∨a_{j+1}∨ . . . ∨a_n. Thus, we recover (9) from the Laplace identity (10) and the twisted product of u and b is the operator product of u and b. By linearity of the twisted and operator products, this can be extended to any element of Â_N and we have u ∘ b = ub for any u in Â_N and any b ∈ V̂ . A similar argument leads to a ∘ u = au, (11) for any a in V̂ and any u in Â_N . Now we proceed by induction. Assume that u ∘ v = uv for any v ∈ Â_N and for u of degree k ≤ n. We take now an element u of degree n and we calculate (a∨u) ∘ v where a is in V̂ . We use a∨u = a ∘ u − ∑ (a|u_{(1)})_+u_{(2)} and we write (a∨u) ∘ v = (a ∘ u) ∘ v − ∑ (a|u_{(1)})_+u_{(2)} ∘ v = a ∘ (u ∘ v) − ∑ (a|u_{(1)})_+u_{(2)} ∘ v = a ∘ (uv) − ∑ (a|u_{(1)})_+u_{(2)} v = auv − ∑ (a|u_{(1)})_+u_{(2)}v,

by associativity of the twisted product and because of the recursion hypothesis and equation (11). By associativity of the operator product this can be rewritten (a∨u) ∘ v = (au − ∑ (a|u_{(1)})_+u_{(2)})v = (a ∘ u − ∑ (a|u_{(1)})_+u_{(2)})v = (a∨u)v. Therefore u∘v = uv if u is of degree n+1. By induction, this prove that u∘v = uv for an element u of any degree. By linearity, this shows that u ∘ v = uv for any u and v in Â_N and the property is proved for bosons.

Adding the proper signs, the same proof shows that u∘v = uv if Â_N contains boson and fermion fields.

2.4.2 Operator twisting of the algebra of fields

The Wightman pairing (|)_+ on the algebra Â_N of normal products extends to a Laplace pairing (|)_+ on the algebra of fields A_N , that we also call the Wightman pairing. For scalar fields we obtain

(ϕ(x)|ϕ(y))_+ = ∫ φ(x; k)^†φ(y; k)dμ(k),

which can again be defined as (ϕ(x)|ϕ(y))_+ = ⟨0|ϕ(x)ϕ(y)|0⟩. The Wightman pairing for the product of Dirac fields is

(ψ(x)|ψ(y))_+ = ∑ n φ_>(x; n)φ̄_>(y; n) + 2∑ α=1 ∫ φ_>(x; k, α)φ̄_>(y; k, α)dμ(k),

(ψ(x)|ψ(y))_+ = 2∑ α=1 ∫ φ_<(x; k, α)φ̄_<(y; k, α)dμ(k),

(ψ(x)|ψ(y))_+ = 0, (ψ(x)|ψ(y))_+ = 0.

For scalar fields in the vacuum this gives us

(ϕ(x)|ϕ(y))_+ = ∫ dk (2π)^32ω_k e^{−ip·(x−y)} = ∫ d^4p (2π)^3 δ(p^2 − m^2)θ(p^0)e^{−ip·(x−y)}. For Dirac fields in the vacuum

(ψ(x)|ψ(y))_+ = ∫ dp (2π)^3 δ(p^2 − m)θ(p^0)(γ · p + m)e^{−ip·(x−y)}, (ψ(x)|ψ(y))_+ = − ∫ dp (2π)^3 δ(p^2 − m)θ(−p^0)(γ · p + m)e^{−ip·(x−y)}. The proof of Proposition 2.3 can be repeated to show that Proposition 2.4. The twisted product defined by the Wightman pairing is equal to the operator product of fields: for any elements u and v of A_N , u ∘ v = uv.

Therefore, the Wightman pairing twists the algebra A_N of normal products of fields into the algebra A_O of operator products of fields. Notice that the Dirac operator D = iγ · ∂_x − m annihilates the Wightman pairing: D(ψ(x)|ψ(y))_+ = D(ψ(x)|ψ(y))_+ = 0.

2.4.3 Time-ordered twisting of the algebra of fields We call Feynman pairing the Laplace pairing defined by

(ϕ(x)|ϕ(y))_F = θ(x^0 − y^0)(ϕ(x)|ϕ(y))_+ + θ(y^0 − x^0)(ϕ(y)|ϕ(x))_+ ,

for scalar fields and

(ψ_ξ(x)|ψ_ξ′ (y))_F = −(ψ_ξ′ (y)|ψ_ξ (x))_F = θ(x^0 − y^0)(ψ_ξ(x)|ψ_ξ′ (y))_+ − θ(y^0 − x^0)(ψ_ξ′ (y)|ψ_ξ (x))_+, (ψ(x)|ψ(y))_F = 0, (ψ(x)|ψ(y))_F = 0,

for Dirac fields. The Feynman pairing is proportional to the Feynman propagator: (ψ(x)|ψ(y))_F = iS_F (x − y). In the vacuum (ψ(x)|ψ(y))_F = i ∫ dk (2π)^4 e^{−ik·(x−y)} γ · k − m + iϵ . The action of the Dirac operator on the Feynman pairing is D(ψ(x)|ψ(y))_F = iδ(x − y). The time-ordered product satisfies the same Wick theorem as the operator product [36]. Thus the same proof can be used to show Proposition 2.5. The twisted product defined by the Feynman pairing is equal to the time-ordered product: for any elements u and v of Â_N , u ∘ v = T (uv).

Therefore, the Feynman pairing twists the algebra A_N of normal products of fields into the algebra A_T of time-ordered products of fields. We saw that the twisted product is associative. Thus, the time-ordered product of free fields is associative. As far as we know, this property of time-ordered products was never pointed out explicitly.

2.4.4 ∗-structure and real Laplace pairings

The ∗-structure satisfies (u∨v)^∗ = v^∗∨u^∗. A Laplace pairing is called real (see [24] p.55) when the corresponding twisted product satisfies (u ∘ v)^∗ = v^∗ ∘ u^∗. In this section we investigate the properties of a real Laplace pairing. First, it can be shown that a Laplace pairing is real if and only if (u|v)^∗ = (v^∗|u^∗).

In the case of Â_O , it can be checked that the Wightman pairing (|)_+ is real, because the density ρ(k) is real. For a neutral scalar field, ϕ(x)^∗ = ϕ(x) and (ϕ(x)|ϕ(y))^∗_+ = (ϕ(y)|ϕ(x))_+. Thus, the Wightman pairing is real. Similarly, for a Dirac field (ψ(x)|ψ(y))^∗_+ = (ψ(y)^∗|ψ(x)^∗)_+. Thus, these Wightman pairings are real and we have (uv)^∗ = v^∗u^∗, which is the expected behaviour of operator products.

The Feynman pairing (|)_F corresponding to the time-ordered product is not real. However, the ∗-operation is still important because it is related to the time-reversal symmetry (see Section 3.3.4).

2.4.5 Closed formulas for Wick expansion and expectation values

We present here the application of the Hopf algebra approach to the calculation of iterated products and their vacuum expectation values. Similar results were obtained for the bosonic case in [37]. To state these results we first need to define the powers Δ^k of the coproduct as Δ^0a = a, Δ^1a = Δa and Δ^{k+1}a = (id ⊗ · · · ⊗ id ⊗ Δ)Δ^ka. Their action is denoted by Δ^ka = ∑ a_{(1)} ⊗ · · · ⊗ a_{(k+1)} .

For the vacuum expectation values we have now

Proposition 2.6. For u^1, . . . , u^n in Ĥ or H we have

ε(u^1 ∘ · · · ∘ u^n) = ∑ (u) (−1)^{Fn} n∏ j=2 j−1∏ l=1 (u^l_{(j−1)} |u^j_{(l)}), (12)

where the index (u) means that we sum over the required powers of the coproducts of u^1, . . . , u^n and where

F_n = n∑ i=3 i−1∑ j=1 i−1∑ k=2 k−1∑ l=1 |u^k_{(j)}||u^i_{(l)}|. In the case of the time-ordered product of quantum fields, the right hand side of equation (12) is written as a sum of Feynman diagrams. Our formula is also valid for the vacuum expectation value of the operator product of fields. An example of the application of this formula to scalar fields was given in [37].

For the Wick expansion of operator products or time-ordered products of fields, we have the

Proposition 2.7. For u^1, . . . , u^n in Ĥ or H we have

u^1 ∘ · · · ∘ u^n = ∑ (u) (−1)^{F (u)} ε(u^1_{(1)} ∘ · · · ∘ u^n_{(1)})u^1_{(2)} ∨ . . . ∨u^n_{(2)}, (13)

where

F (u) = n∑ k=2 k−1∑ l=1 |u^k_{(1)}||u^l_{(2)}|. (14)

In perturbative quantum field theory, this equation is used for the calculation of the S-matrix: the product ∘ is then the time-ordered product and u^1 = · · · = u^n = L, where L is the interaction Lagrangian of the theory. As an example, we consider the Lagrangian for the ϕ^n theory: L(x) = ϕ^n(x), where ϕ^n(x) denotes the normal product of n fields ϕ(x). The binomial formula gives us the coproduct of L(x):

Δϕ^n(x) = n∑ k=0 ( n k ) ϕ^k(x) ⊗ ϕ^{n−k}(x), and equation (13) becomes, in the usual notation T ( ϕ^{n1} (x_1) . . . ϕ^{nm} (x_m) ) = n_1∑

i_1=0 · · · n_m∑

i_m =0 ( n_1 i_1 ) . . . ( n_m i_m )

⟨0|T ( ϕ^{i1} (x_1) . . . ϕ^{im} (x_m) ) |0⟩:ϕ^{n1−i1} (x_1) . . . ϕ^{nm−im} (x_m):, where T is the time-ordering operator and :u: stands for the normal product. This equation can be found, for example in refs. [38, 39]. Our equation (13) is more compact and much more general: it is valid for bosons and fermions, for products of any elements u of H (and not only of ϕ^n(x)), for operator products as well as time-ordered products.

The proof of these formulas was given in [37] for bosonic fields, so we leave to the reader the determination of the additional signs. However, we give the main lemmas that lead to them.

Lemma 2.8. For u^1, . . . , u^n and v^1, . . ., v^m in Ĥ or H we have (u^1∨ . . . ∨u^n|v^1∨ . . . ∨v^m) = ∑ (u)(v) (−1)^{Fnm} n∏ i=1 m∏ j=1 (u^i_{(j)} |v^j_{(i)} ), (15)

where the sign (−1)^{Fnm} is given by F_{nm} = n∑ i=1 m∑ j=1 ∑ (u) ( |u^i_{(j)}|^2 + i∑ k=1 j∑ l=1 |u^i_{(j)}||u^k_{(l)}| ) . To obtain this equation, we used the fact that the Laplace pairing is even, so that |u^i_{(j)}| = |v^j_{(i)} |. Two special cases are important [26]: (i) when all u^i and v^j are in V̂ or V and are fermionic (u^1∨ . . . ∨u^n|v^1∨ . . . ∨v^m) = δ_{m,n}(−1)^{n(n−1)/2} det(u^i|v^j ), and (ii) when all u^i and v^j are in V̂ or V and bosonic (u^1∨ . . . ∨u^n|v^1∨ . . . ∨v^m ) = δ_{m,n}perm(u^i|v^j), where perm(u^i|v^j ) is the permanent of the matrix (u^i|v^j ).

To calculate iterated products recursively we need the following identity:

Lemma 2.9. For u_1, . . . , u_n in Ĥ or H,

Δ(u^1 ∘ · · · ∘ u^n) = ∑ (u) (−1)^{F (u)} u^1_{(1)} ∘ · · · ∘ u^n_{(1)} ⊗ u^1_{(2)} ∨ . . . ∨u^n_{(2)}, (16)

where F (u) is given by equation (14).

These results illustrate the power of Hopf algebra methods to derive explicit expressions in quantum field theory.

3 Cohomology

In this section we uncover some of the deeper mathematical structures that lie behind the twist construction of the time-ordered product and the operator product. Principally, these are Sweedler’s Hopf algebra cohomology and the Drinfeld twist. These new insights in turn give us new tools for quantum field theory that will be exploited subsequently to describe interactions (Section 4) and non-trivial vacua (Section 5).

3.1 Cohomology of Hopf superalgebras

In this section we review the basics of Sweedler’s cohomology theory of cocommutative Hopf algebras [18] generalized by Majid [24]. We adapt it here to the Hopf superalgebra case.

3.1.1 Convolution product

Let H be a Hopf superalgebra. Consider the set L^n(H) of even linear maps H ⊗ · · · ⊗ H → C on the n-fold tensor product of H. A linear map χ is even if χ(a_1, . . ., a_n) = 0 when |a_1| + · · · + |a_n| is odd. Let ϕ and ψ be two even maps. We define their convolution product as the element in L^n(H) given by (ϕ ⋆ ψ)(a_1, . . . , a_n) = ∑ (−1)^{∑nk=2 ∑k−1l=1 |ak(1) ||al(2) |}ϕ(a_{1(1)} , . . . , a_{n(1)} )ψ(a_{1(2)} , . . ., a_{n(2)} ). (17)

For example, the product of ϕ, ψ ∈ L^1(H) reads simply (ϕ ⋆ ψ)(a) = ∑ ϕ(a_{(1)} )ψ(a_{(2)} ).

For ϕ, ψ ∈ L^2(H) the product is (ϕ ⋆ ψ)(a, b) = ∑ (−1)^{|b(1)||a(2)|}ϕ(a_{(1)} , b_{(1)})ψ(a_{(2)} , b_{(2)}).

The convolution product makes L^n(H) into an algebra. It is unital with the unit given by e(a_1, . . . , a_n) = ε(a_1) · · · ε(a_n). Thus, a convolution inverse for an element χ ∈ L^n(H) is an element χ^{−1} ∈ L^n(H) such that χ⋆χ^{−1} = χ^{−1} ⋆χ = e.

3.1.2 Cochains and coboundary

An n-cochain is an element χ ∈ L^n(H) such that χ is convolution invertible and counital. Counitality is the property χ(a_1, . . . , a_{i−1}, 1, a_{i+1}, . . . , a_n) = ε(a_1) · · · ε(a_{i−1})ε(a_{i+1}) · · · ε(a_n), (18) for all i ∈ {1, . . ., n}. We denote by C^n(H) the set of n-cochains on H. The set C^n(H) forms a group with the convolution product. The unit element is the cochain e(a_1, . . . , a_n) = ε(a_1) · · · ε(a_n).

For i = 0, . . .n + 1 consider the maps ∂^n_i : C^n(H) → C^{n+1}(H) defined by (∂^n_i χ)(a_1, . . . , a_{n+1}) = χ(a_1, . . . , a_ia_{i+1}, . . . , a_{n+1}) ∀i ∈ {1, . . . , n}, (∂^n_0 χ)(a_1, · · · , a_{n+1}) = ε(a_1)χ(a_2, . . . , a_{n+1}), (∂^n_{+1}χ)(a_1, . . . , a_{n+1}) = χ(a_1, . . . , a_n)ε(a_{n+1}).

The map ∂^n : C^n(H) → C^{n+1}(H) defined by

∂^nχ = (∂^n_0 χ) ⋆ (∂^n_2 χ) ⋆ · · · ⋆ (∂^n_1 χ^{−1}) ⋆ (∂^n_3 χ^{−1}) ⋆ · · · (19)

is called the coboundary map.^4 For example, ∂^1χ(a, b) = ∑ χ(a_{(1)} )χ(b_{(1)} )χ^{−1}(a_{(2)} b_{(2)} ), (20) ∂^2χ(a, b, c) = ∑ (−1)^{|a(1) ||a(2)|+|c(2) ||b(3)|+|b(1) ||b(2)|} (−1)^{|b(1) ||b(3)|+|b(1)||b(4)|+|b(2) ||b(4)|+|b(3)||b(4)|} χ(b_{(1)} , c_{(1)})χ(a_{(1)} , b_{(2)}c_{(2)})χ^{−1}(a_{(2)} b_{(3)}, c_{(3)})χ^{−1}(a_{(3)} , b_{(4)}).(21)

We usually write just ∂ instead of ∂^n.

3.1.3 Cohomology groups

An n-cochain χ with the property ∂χ = e is called an n-cocycle. The cocycles from a subset Z^n(H) of C^n(H). Explicitly, the cocycle condition for a 1-cochain comes out as χ(a)χ(b) = χ(ab), (22) while the 2-cocycle condition can be written as ∑ (−1)^{|b(2)||c(1)|}χ(b_{(1)} , c_{(1)})χ(a, b_{(2)}c_{(2)} ) = ∑ (−1)^{|a(2) ||b(1)|}χ(a_{(1)} , b_{(1)})χ(a_{(2)}b_{(2)} , c). (23)

An n-cochain χ that arises from an (n − 1)-cochain ξ as χ = ∂ξ is called an n-coboundary. The coboundaries also form a subset B^n(H) of C^n(H).

Now assume that H is graded cocommutative. The convolution product is then commutative and C^n(H) is an Abelian group. Furthermore ∂ becomes a group homomorphism and both Z^n(H) and B^n(H) become groups. Moreover, we then have ∂∂ξ = e, so that an n-coboundary is in particular an n-cocycle. Thus B^n(H) is a subgroup of Z^n(H) and we can form the quotient group H^n(H) = Z^n(H)/B^n(H). This is called the nth cohomology group of H.^5

4 Note that the group operation appearing in the definition of the coboundary map is not the vector space addition as e.g. in Hochschild cohomology. Nevertheless, in order to give rise to a cohomology the group operation has to be abelian, see below.

5 Of course only in this case of graded cocommutativity the word “cohomology” is fully justified. Indeed this is the only situation of interest in the present paper. However, important elements of the cohomology remain applicable in the case of non (graded) cocommutative Hopf algebras.

3.2 Drinfeld twist

In this section we review basic properties of Drinfeld twists due to Drinfeld [2] and Sweedler [18]. We present a version adapted to Hopf superalgebras.

We first recall the notions of comodule (representation) and comodule superalgebra. A (left) comodule of a Hopf algebra H is a vector space A together with a linear map β : A → H ⊗ A such that (id ⊗ β) ∘ β = (Δ ⊗ id) ∘ β and (ε ⊗ id) ∘ β = id. β is called a coaction. For coactions we also use a modified version of Sweedler’s notation with the component in the comodule underlined, β(a) = ∑ a_{(1)} ⊗ a_{(2)}.

Consider a comodule A of H that is at the same time a superalgebra. It is called a comodule superalgebra of H if product (denoted by ·) and comodule structure satisfy the following compatibility condition: ∑ (a · b)_{(1)} ⊗ (a · b)_{(2)} = ∑ (−1)^{|b(1)||a(2)|}a_{(1)} b_{(1)} ⊗ a_{(2)} · b_{(2)}.

3.2.1 Twisting Hopf superalgebras and comodules

Let H be a Hopf superalgebra and χ ∈ Z^2(H) a 2-cocycle on H. There is a new Hopf superalgebra H_χ, the twist of H by χ. H_χ has the same unit, counit and coproduct as H but a different product and antipode. The new product is given by a • b = ∑ (−1)^{|b(1) |(|a(2)|+|a(3) |)+|b(2)||a(3) |} χ(a_{(1)} , b_{(1)})a_{(2)} b_{(2)}χ^{−1}(a_{(3)}, b_{(3)}). (24)

It turns out that a twist can be applied not only to the Hopf superalgebra itself but also to its comodules.^6 If a comodule A is a comodule superalgebra the twist affects its superalgebra structure. A is twisted into a comodule superalgebra A_χ of H_χ with the new associative product ∘ defined by a ∘ b = ∑ (−1)^{|b(1) ||a(2)|}χ(a_{(1)} , b_{(1)})a_{(2)} · b_{(2)}. (25)

If H is graded cocommutative, its product remains unmodified under a twist and H_χ is the same as H. However, this is not true for a comodule superalgebra A of H. In general A_χ is different from A even in the graded cocommutative case. Indeed, the difference between twisted comodule superalgebras is related to the cohomology of H as follows:

Proposition 3.1. Let H be a graded cocommutative Hopf superalgebra, A a left H-comodule superalgebra and η, χ ∈ Z^2(H). If η and χ are cohomologous in the sense of η = ∂ρ ⋆ χ for ρ ∈ C^1(H), then A_η and A_χ are isomorphic as comodule superalgebras. An isomorphism T : A_η → A_χ is explicitly given by T (a) = ∑ ρ(a_{(1)} )a_{(2)}.

If A = H with the coaction given by the coproduct, the converse is also true. That is, if A_η and A_χ are isomorphic as comodule superalgebras then η and χ are cohomologous.

A proof based on [24] can be found in Appendix B.2.

6The twist gives rise to an equivalence of the monoidal categories of comodules of H and H_χ [2]. This is explained in detail in [10].

3.2.2 Twisting and ∗-structure

Suppose that H is a Hopf ∗-superalgebra in the sense of Appendix A.2 and A a graded left comodule of H equipped with an involution ∗ : A → A. Then we call A a ∗-comodule if the coaction satisfies ∑ (a^∗)_{(1)} ⊗ (a^∗)_{(2)} = ∑ (−1)^{|a(1) ||a(2)|}(a_{(1)} )^∗ ⊗ (a_{(2)} )^∗. (26)

In the same way we can define a ∗-comodule superalgebra A. In this case we can furthermore investigate under which circumstances a 2-cocycle χ gives rise to a twisted comodule superalgebra A_χ which is again a ∗-superalgebra. Indeed it is straightforward to verify that a sufficient condition on χ for this to happen is χ(a^∗, b^∗) = χ(b, a). (27) A 2-cocycle satisfying this property we call real. Our definition is inspired by the analogous definition for coquasitriangular structures in the literature [24, Definition 2.2.8]. It extends the definition for real Laplace pairing given in Section 2.4.4.

3.3 Cohomology in quantum field theory

We are now ready to interpret and extend the results of Section 2 from a cohomological point of view.

3.3.1 The twisted field algebras as Drinfeld twists

Recall from Section 2.3 that the field operators with the normal product form a Hopf superalgebra H. Forgetting the coproduct and counit we also denoted this superalgebra by A_N . Then we discovered in Section 2.4 that for certain Laplace pairings on this Hopf algebra we obtain new twisted algebras A_O, A_T using (4) which reproduce either the operator or the time-ordered product.

Armed with the tools of Hopf algebra cohomology (Section 3.1) and the Drinfeld twist (Section 3.2) we see more clearly what is going on. Namely, the Laplace pairings give rise to Drinfeld twists of A_N as a comodule superalgebra of H. Let us clearly explain this step by step.

Firstly, a Laplace pairing (in the graded cocommutative case) is in particular a 2-cocycle.

Lemma 3.2. Let H be a graded cocommutative Hopf superalgebra. Then a Laplace pairing, i.e. a map χ : H ⊗ H → C with the properties (1), (2) and (3) is a 2-cocycle.

Proof. Equation (3) is the counitality property (18). Let η be the linear map H ⊗ H → C defined by η(a, b) := χ(γ(a), b). It is elementary to check that η is the convolution inverse of χ. Thus, χ is a 2-cochain. Finally, using graded cocommutativity the cocycle condition (23) readily follows from equations (1) and (2).

Secondly, A_N is a comodule superalgebra of H. Indeed, any Hopf superalgebra has a comodule superalgebra which is just a copy of itself. The coaction to be taken is the coproduct, i.e. ∑ a_{(1)} ⊗ a_{(2)} := ∑ a_{(1)} ⊗ a_{(2)} in the notation introduced above. A Laplace pairing χ on H, being a 2-cocycle, gives rise to a Drinfeld twist of H according to (24). Since H is graded cocommutative the twisted Hopf superalgebra H_χ is identical to the untwisted one. χ also gives rise to an induced twist of the comodule superalgebra A_N according to (25). Since the coaction is given by the coproduct we recover the initial twist formula (4) with a new interpretation. This also explains why the twisted superalgebras A_O and A_T are no longer Hopf algebras: A_N was not considered a Hopf algebra from the beginning, despite the “accident” A_N = H.^7

Recall that apart from the superalgebra structure we use one more piece of the Hopf algebra structure of H on A_N . This is the map ε : A_N → C which is the counit on H. As was shown in Proposition 2.2 it plays the role of the vacuum expectation value. The twisted superalgebras A_O and A_T inherit the map ε without change.^8 It continues to play the role of the vacuum expectation value and only equipped with this structure carry the superalgebras the full information of quantum field theory. Superalgebras such as A_N , A_O, A_T , which carry the additional structure of a linear function A → C are called augmented superalgebras.

For the ∗-structure we remark that A_N and H could in principle have turned out to have different ∗-structures. What is important is only that A_N is a ∗- comodule superalgebra of H in the sense of (26). The results of Section 2, however, imply that putting the same ∗-structure on H and A_N (namely that of the † operation in A_N ) leads to consistent results.

3.3.2 Cohomology of Sym(V )

We turn to cohomological aspects of the relevant Hopf superalgebra H of field operators. Recall that H has the structure of the graded symmetric Hopf superalgebra Sym(V ), where V is the space of field operators. The cohomology groups of Sym(V ) (in the bosonic case) are discussed in Appendix B.1. More relevant for the application to quantum field theory, are the following results about the structure of cochains. The proofs of the Lemmas are elaborated in Appendix B.2.

Let us write V = V_0 ⊕V_1 for V_0 the even (bosonic) and V_1 the odd (fermionic) part of V . To ease notation we simply write C^n, Z^n and B^n for cochains, cocycles and coboundaries of Sym(V ). Denote by N^1 the set of 1-cochains of Sym(V ) that vanish on the subspace V ⊂ Sym(V ). As is seen immediately they form a subgroup of C^1.

Lemma 3.3. C^1 is equal to the direct product Z^1 × N^1 of its subgroups. This implies that ∂^1 : N^1 → B^2 is invertible, i.e. is an isomorphism of groups.

We call a 2-cochain χ symmetric if it satisfies the property χ(b, a) = (−1)^{|a||b|}χ(a, b) (28) 7One might envision applications to quantum field theory where H is different from A_N , but this is beyond the scope of the present paper.

8This is perfectly justified from the Drinfeld twist point of view. Morally speaking, the twist does not affect objects and maps as such but only tensor products (and hence an algebra structure as it involves a tensor product). The deeper meaning of this lies in the fact that the twist gives rise to a monoidal equivalence of comodule categories. This equivalence is mediated by a functor that transforms objects and morphisms trivially and only tensor products nontrivially. See Section 2 of [10] for a more explicit exposition of these facts.

for all a, b ∈ Sym(V ). One easily checks that the symmetric 2-cochains form a subgroup C^2_{sym} of C^2.

Lemma 3.4. B^2 = Z^2_{sym}. That is, the 2-coboundaries are precisely the symmetric 2-cocycles.

By Lemma 3.2 a Laplace pairing as defined in Section 2.1.2 is in particular a 2-cocycle. Furthermore, the convolution product of Laplace pairings is again a Laplace pairing. Thus, they form a subgroup of Z^2 which we will call R^2.

The introduction of something like “antisymmetric” 2-cochains is less straightforward. We limit ourselves here to Laplace pairings. We call a Laplace pairing antisymmetric if it satisfies the property χ(w, v) = −(−1)^{|v||w|}χ(v, w) (29) for all v, w ∈ V . The antisymmetric Laplace pairings form a subgroup R^2_{asym} of R^2.

Lemma 3.5. Z^2 is equal to the direct product B^2 × R^2_{asym} of its subgroups.

From Lemma 3.3 and Lemma 3.5 it follows that the first two cohomology groups are given by H^1 = N^1 and H^2 = R^2_{asym}, but we shall not need these results here.

3.3.3 The operator product

We saw in Section 2.4 that the operator product of quantum field theory, i.e. the product on A_O, is induced by a twist of A_N with the Wightman pairing (|)_+ on H. The fact that A_O is not commutative and thus not isomorphic to A_N is nicely reflected in the cohomology. Namely, the 2-cocycle (|)_+ is not symmetric in the sense of (28) and thus by Lemma 3.4 it is not a 2-coboundary. Hence by Proposition 3.1 (take η = e, the unit cochain, and χ = (|)_+) the algebras A_N and A_O cannot be isomorphic.

Since the Wightman pairing (|)_+ is real in the sense of (27) the superalgebra A_O is a ∗-superalgebra as is A_N . This was already remarked in Section 2.4.4.

3.3.4 The time-ordered product

According to Section 2.4 the time-ordered product is obtained from the Feynman pairing (|)_F , twisting the superalgebra A_N into the superalgebra A_T . As is well known these superalgebra A_N and A_T are isomorphic as superalgebras. From the cohomological point of view this emerges as follows. The Feynman pairing (|)_F is symmetric in the sense of (28) and thus by Lemma 3.4 it is a 2- coboundary. Hence by Proposition 3.1 the algebras A_N and A_T are isomorphic.

However, this does not mean that the “deformation” of A_N into A_T is trivial from the point of view of quantum field theory. Recall that the information of quantum field theory is not contained in A_T alone, but crucially requires a map ε : A_T → C describing the vacuum expectation value. That is, we are dealing with augmented superalgebras and as such (A_N , ε) and (A_T , ε) are not isomorphic. In particular, for an isomorphism T : A_N → A_T the composition ε ∘ T is different from ε.

Proposition 3.1 (take η = e and χ = (|)_F ) not only tells us that A_N and A_T are isomorphic but even provides us with an explicit isomorphism T : A_N → A_T given we have a 1-cochain ρ such that χ = (∂ρ)^{−1}. Crucially, different 1-cochains ρ give rise to different isomorphisms. More precisely, the choice is that of a 1- cocycle. We can fix this ambiguity by imposing conditions that we would like T to satisfy. A natural choice is to demand T to act identically on V , i.e. T (v) = v for all v ∈ V . This is motivated by giving T the role of a time-ordering operation. Since T is given according to Proposition 3.1 by T (a) = ∑ ρ(a_{(1)} )a_{(2)} this would imply ρ(v) = 0 for all v ∈ V , i.e. that ρ ∈ N^1. Lemma 3.3 implies that we can indeed choose ρ to lie in N^1 and furthermore, that this determines ρ uniquely. This gives rise to the following result.

Proposition 3.6. Let χ be a 2-coboundary on H. Denote by ∘ the induced twisted product on the twisted comodule superalgebra A_T . There exists a unique 1-cochain ρ such that (∂ρ)^{−1} = χ and ρ(v) = 0 for all v ∈ V . The superalgebra isomorphism T : A_N → A_T given by T (a) = ∑ ρ(a_{(1)} )a_{(2)} satisfies

T (v_1∨ · · · ∨v_n) = v_1 ∘ · · · ∘ v_n, (30)

for v_1, . . . , v_n ∈ V .

Proof. As already mentioned ρ(v) = 0 for v ∈ V implies T (v) = v. Thus T being an isomorphism implies T (v_1∨ · · · ∨v_n) = T (v_1) ∘ · · ·∘ T (v_n) = v_1 ∘ · · ·∘ v_n. This is all that remained to be shown.

Note that we have formulated the Proposition in a slightly more general way than required, by replacing the Feynman pairing with a general 2-coboundary. As desired, equation (30) can be interpreted as a realization of the time-ordering operation of quantum field theory as a superalgebra isomorphism between A_N and A_T .

By definition of T the 1-cochain ρ has the property ρ = ε ∘ T . This implies that a vacuum expectation value can be expressed directly in terms of ρ.

Corollary 3.7. ⟨0|ϕ(x_1) ∘ · · · ∘ ϕ(x_n)|0⟩ = ε(ϕ(x_1) ∘ · · · ∘ ϕ(x_n)) = ε(T (ϕ(x_1)∨ · · · ∨ϕ(x_n))) = ρ(ϕ(x_1)∨ · · · ∨ϕ(x_n)). (31)

In this sense, ρ encodes directly the free n-point functions. While we were so far only concerned with the definition of ρ we turn now to its computation. Due to Lemma 3.3, ρ ∈ N^1(H) is determined completely by (|)_F = (∂ρ)^{−1} as ∂^1 is invertible on N^1(H). Indeed we can use (20) for a recursive definition of ρ. Namely, set ρ(1) = 1, ρ(v) = 0 and ρ(v∨w) = (v|w)_F . Then define ρ recursively on subspaces of A_N of increasing degree by ρ(a∨b) = ∑ (a_{(1)} |b_{(1)})_F ρ(a_{(2)})ρ(b_{(2)}).

As already mentioned in Section 2.4.4 the Feynman pairing (|)_F is not real and A_T is indeed not a ∗-superalgebra. Nevertheless, the involution ∗ can be combined with the time-ordering map T in an interesting way. Namely, consider the map T^∗(a) := (T (a^∗))^∗ for a ∈ A_N . This anti-time-ordering operator was first considered by Dyson [40] and plays an important role in non-equilibrium quantum field theory [41, 42, 43]. Our definition of the anti-time-ordering operator follows ref. [44]. It yields (here for fermionic fields ψ) T^∗ ( ψ(x)∨ψ^†(y) ) = θ(y^0 − x^0)ψ(x)ψ^†(y) − θ(x^0 − y^0)ψ^†(y)ψ(x).

In other words, T^∗ orders the fields by decreasing times from right to left. Defining the 1-cochain ρ^∗ = ε ∘ T^∗ we see that the anti-time-ordered product is a twisted product via the Laplace pairing (|)_T ∗ = (∂ρ^∗)^{−1}. More explicitly (again for the example of fermionic fields) this Laplace pairing is determined by (ψ(x)|ψ^†(y))_T ∗ = (ψ(y)|ψ^†(x))_F . The map T^∗ thus becomes an algebra isomorphism T^∗ : A_N → A_T ∗ , with A_T ∗ the algebra of field operators with the anti-time-ordered product.

In non-relativistic quantum theory, time-reversal symmetry is implemented by complex conjugation [45, 46]. In relativistic quantum field theory, the timereversal operator Θ acts on fermion fields by Θ ( ψ(x^0, x) ) = iγ^1γ^3ψ(−x^0, x), which does not involve the ∗-structure. The time-reversal operator relates the time-orderings by T ( Θ(a) ) = Θ ( T^∗(a) ) for a ∈ A_N .

4 Interactions

Up to now we have exclusively dealt with free quantum field theory. In this section we extend our treatment to interacting fields. On the one hand we will show how our approach to quantum field theory links up with standard perturbation theory. On the other hand we will discuss implications for interacting quantum field theory in general, and possible connections to non-perturbative approaches.

4.1 Standard perturbation theory

Introducing interactions in the standard perturbative way is straightforward, given the free n-point functions. Let us generically denote field operators by ϕ(x), leaving out internal indices.

Following the usual perturbation theory we write the action as S = S_0 + λS_{int} , where S_0 is the kinetic term and λ the coupling constant. Following a path integral notation the interacting n-point functions are given by

⟨0|T (ϕ_{int}(x_1), . . . , ϕ_{int}(x_n))|0⟩ = ∫ Dϕ ϕ(x_1) · · · ϕ(x_n)e^{iS0 +iλSint} ∫ Dϕ e^{iS0+iλSint} = ∑ k 1 k! (iλ)^k⟨0|T (ϕ(x_1)∨ · · · ∨ϕ(x_n)∨S^{∨k}_{int} )|0⟩ ∑ k 1 k! (iλ)^k⟨0|T (S^{∨k}_{int} )|0⟩ = ∑ k 1 k! (iλ)^kρ(ϕ(x_1)∨ · · · ∨ϕ(x_n)∨S^{∨k}_{int} ) ∑ k 1 k! (iλ)^kρ(S^{∨k}_{int} )

. (32)

Here, S^{∨k}_{int} denotes the k-fold normal product of S_{int} with itself and S^{∨0}_{int} = 1. Alternatively, in terms of an S-matrix S = ∞∑ k=0 1 k! (iλ)^k(T (S_{int} ))^{∘k} we obtain

⟨0|T (ϕ_{int}(x_1), . . . , ϕ_{int}(x_n))|0⟩ = ε(ϕ(x_1) ∘ · · · ∘ ϕ(x_n) ∘ S) ε(S) , (33)

where ∘ denotes the time-ordered product.

We emphasize, that the difference to conventional approaches is not only notational. While the path integral method is capable of the evaluation of eqn. (32), it is usually evaluated by recursive means using functional derivatives. Such algorithms were demonstrated to be computationally ineffective [16, 17]. In such a recursion, terms occur which cancel out during further steps of evaluation in the recursion. Since these terms may even contain divergent integrals which need to be renormalized, this can cause confusion and wastes labor. In contrast to this finding, the Hopf algebraic version eqn. (33) can be evaluated directly using the formulas provided in Section 2.4.5. The remarkable fact behind these formulas is that they are explicit and efficient for any order. It can be shown that they yield exactly as many terms as are potentially non zero. Especially one may note that no cancellations take place, as long as no further symmetries are encountered in the pairings involved in the employed twists. The formulas (12) and (13) prove to be algorithmically optimal in this sense.

4.2 Beyond perturbation theory

We turn now to general considerations of quantum field theory beyond any perturbation theory. We consider the same field operators and thus the same Hopf superalgebra H and superalgebra A_N as before. Recall that all the information of a quantum field theory (interacting or not) is encoded in the n-point functions. We write generically

ρ_{int} (ϕ(x_1)∨ · · · ∨ϕ(x_n)) := ⟨0|T (ϕ_{int}(x_1), . . . , ϕ_{int}(x_n))|0⟩.

From this point of view, the set of n-point functions is nothing but a 1-cochain ρ_{int} on H (since ⟨0|1|0⟩ = 1).

For the free theory we saw in Section 3.3.4 that the Feynman pairing (|)_F leads to a 1-cochain ρ that encodes directly the n-point functions (31). ρ was the 1-cochain in N^1(H) determined by the property (|)_F = (∂ρ)^{−1}. Indeed, we can turn this argument round:

Proposition 4.1. Let ρ ∈ N^1(Sym(V )), then χ = (∂ρ)^{−1} is a 2-cocycle which induces a twisted product ∘ in Sym(V ) as a comodule superalgebra over itself with the property ρ(v_1∨ · · · ∨v_n) = ε(v_1 ∘ · · · ∘ v_n), for v_1, . . . , v_n ∈ V .

Proof. By Proposition 3.1 T (a) = ∑ ρ(a_{(1)} )a_{(2)} is a superalgebra isomorphism between the original and the twisted superalgebra. The statement is then obtained by applying the counit to (30) with the proof as in Proposition 3.6.

This means, given an arbitrary set of n-point functions ρ_{int} satisfying ρ_{int}(1) = ⟨0|1|0⟩ = 1 and ρ_{int}(ϕ(x)) = ⟨0|ϕ_{int}(x)|0⟩ = 0, we can construct a twisted product ∘ which recovers these n-point functions. This product is thus the time-ordered product of interacting fields. The 2-cocycle inducing this product is simply χ_{int} := (∂ρ_{int} )^{−1}. We can view this as a kind of (algebraic) reconstruction result in the spirit of Streater and Wightman [47], although for the time-ordered and not the operator product.

Furthermore, according to Proposition 3.1 and analogous to Section 3.3.4 we obtain an isomorphism of superalgebras T_{int} : A_N → A_{T,int} via T_{int}(a) := ∑ ρ_{int}(a_{(1)} )a_{(2)}. This isomorphism might be viewed as an interacting timeordering, i.e. it takes care at the same time of the interaction and the timeordering. Thus, we may write

⟨0|T (ϕ_{int}(x_1), . . . , ϕ_{int}(x_n))|0⟩ = ε(T_{int} (ϕ(x_1)∨ · · · ∨ϕ(x_n))).

What we have thus shown is that not only a free quantum field theory can be completely encoded in a 2-cocycle on H, but any quantum field theory defined through polynomial n-point functions can be thus encoded (provided its 1-point functions vanish). What is more, whether the theory is free or not corresponds to a simple property of the 2-cocycle. We define free here to mean that n-point functions factorize into 2-point functions according to (12).

Proposition 4.2. Let a quantum field theory be given in terms of H = Sym(V ) and a 2-cocycle χ on H inducing the interacting time-ordered product. Then the theory is free if and only if χ is a Laplace pairing.

The proof is straightforward now. If χ is a Laplace pairing the n-point functions are determined by the 2-point functions according to formula (12) and thus the theory is free. Conversely, if the theory is free formula (12) holds and we can thus construct a Laplace pairing that reproduces the n-point functions. Since these determine χ uniquely it must be identical to the constructed Laplace pairing.

5 Non-trivial vacua

In this section, we illustrate again the computational power of Hopf algebras by solving a problem of quantum chemistry.

A state is a linear map ρ from Â_N to C such that ρ(1) = 1 and ρ(u^∗u) ≥ 0 for any element u of Â_N [48] (recall that u^∗u is the operator product of u^∗ and u). The pure states are states of the form ρ(u) = ⟨ψ|u|ψ⟩, where |ψ⟩ is a vector of the Fock space F, and the states that are not pure are called mixed states. They can be written as a weighted sum of pure states. Physically relevant pure states are such that ⟨ψ|u|ψ⟩ = 0 if u contains an odd number of Dirac fields. Thus we consider states ρ(u) which are zero if u contains an odd number of Dirac fields. Since ρ is linear, even and ρ(1) = 1, a state is 1-cochain.

In reference [19], Kutzelnigg and Mukherjee study the following problem of quantum chemistry. Assume that a quantum system is described by a state ρ, is it possible to define normal products adapted to ρ? The usual normal products are adapted to the vacuum because ϵ(u) = ⟨0|u|0⟩ is zero if u has no scalar part (i.e. no part proportional to 1). To adapt a normal product to a state ρ, we start from an element u ∈ Â_N and we want to find an element ũ such that ρ(ũ) = ϵ(u), so that the state ρ can be considered as the new vacuum of the system. Kutzelnigg and Mukherjee investigated this problem for pure states and they solved it for elements u which are the normal product of a small number of creation and annihilation operators. The Hopf algebra methods will enable us to solve it for general states and to give formulas that are valid for any u ∈ Â_N .

The solution of this problem is quite simple. We just have to define

ũ = ∑ ρ^{−1}(u_{(1)})u_{(2)} , (34)

because ρ(ũ) = ∑ ρ^{−1}(u_{(1)} )ρ(u_{(2)} ) = (ρ^{−1} ⋆ ρ)(u) = ε(u). Notice that formula (34) is another instance of a T-operator, where ρ is replaced by ρ^{−1}.

Let us give a few examples. In this section we consider Dirac fields, which are relevant for this type of applications. The convolution inverse ρ^{−1} is even because ρ is even. It can be computed recursively by (see reference [49], p. 259)

ρ^{−1}(1) = 1, ρ^{−1}(u) = −ρ(u) − ∑_′ ρ^{−1}(u_{(1)})ρ(u_{(2)} ),

where ∑_′ u_{(1)} ⊗ u_{(2)} := Δu − 1 ⊗ u − u⊗ 1 for u ∈ Â_N and u contains the product of two or more creation or annihilation operators. The first examples for Dirac fields are ρ^{−1}(a∨b) = −ρ(a∨b), ρ^{−1}(a∨b∨c∨d) = −ρ(a∨b∨c∨d) + 2ρ(a∨b)ρ(c∨d) −2ρ(a∨c)ρ(b∨d) + 2ρ(a∨d)ρ(b∨c), where a, b, c, d are Dirac creation or annihilation operators. From ρ^{−1} and equation (34) we can calculate the first adapted normal products of Dirac fields. ã = a, ~a_∨b = a_∨b − ρ(a_∨b), ~ a∨b∨c = a∨b∨c − ρ(a∨b)c + ρ(a∨c)b − ρ(b∨c)a, ~ a∨b∨c∨d = a∨b∨c∨d − ρ(a∨b)c∨d + ρ(a∨c)b∨d − ρ(b∨c)a∨d −ρ(a∨d)b∨c + ρ(b∨d)a∨c − ρ(c∨d)a∨b − ρ(a∨b∨c∨d) +2ρ(a∨b)ρ(c∨d) − 2ρ(a∨c)ρ(b∨d) + 2ρ(a∨d)ρ(b∨c). It can be checked that these ũ coincide with the adapted normal products defined in reference [19].

The second question posed by Kutzelnigg and Mukherjee is: once we have defined adapted normal products, how can we express their operator products? Again, the Hopf algebra methods yield a complete answer. Starting from ũ and ṽ we look for a 2-cocycle χ such that ũṽ = ∑ (−1)^{|u(2)||v(1)|}χ(u_{(1)} , v_{(1)}) ~ u_{(2)} ∨v_{(2)} . (35)

The answer is now expected by the reader: χ = (∂ρ^{−1}) ⋆ (.|.)_+.

At this stage, it will be useful to give a few examples to show the kind of expressions that are obtained by a direct calculation. According to Lemma 3.4, ∂ρ^{−1}(u, v) = (−1)^{|u| |v|}∂ρ^{−1}(v, u). The value of ∂ρ^{−1}(u, v) for the simplest elements of Â_N is, again for Dirac fields, ∂ρ^{−1}(a, b) = ρ(a∨b), ∂ρ^{−1}(a∨b, c∨d) = ρ(a∨b∨c∨d) − ρ(a∨b)ρ(c∨d), ∂ρ^{−1}(a, b∨c∨d) = ρ(a∨b∨c∨d) − ρ(a∨b)ρ(c∨d) +ρ(a∨c)ρ(b∨d) − ρ(b∨c)ρ(a∨d), = ∂ρ^{−1}(a∨b∨c, d). Now we can calculate χ as χ(u, v) = ∑ ∂ρ^{−1}(u_{(1)} , v_{(2)})(u_{(2)} |v_{(1)} )_+ = ∑ ∂ρ^{−1}(u_{(2)} , v_{(1)})(u_{(1)} |v_{(2)} )_+.

A few example computations might be appropriate χ(a, b) = ρ(a∨b) + (a|b)_+, χ(a∨b∨c, d) = ∂ρ^{−1}(a∨b∨c, d), χ(a∨b, c∨d) = ∂ρ^{−1}(a∨b, c∨d) + (a∨b|c∨d)_+ − ρ(a∨c)(b|d)_+ +ρ(a∨d)(b|c)_+ + ρ(b∨c)(a|d)_+ − ρ(b∨d)(a|c)_+. Finally, we define the product of ũ and ṽ by ũṽ = ∑ ∂ρ^{−1}(u_{(2)}, v_{(1)} ) ~ u_{(1)} v_{(2)} .

This operator product satisfies (35) and a few simple examples of it are ãb̃ = ~a∨b + ρ(a∨b) + (a|b)_+, (~a∨b)c̃ = ~a∨b∨c − (a|c)_+b̃ + (b|c)_+ã + ρ(b∨c)ã − ρ(a∨c)b̃. As illustrated in reference [19], the combinatorial complexity of the products increases very quickly. The Hopf algebraic concepts provide powerful tools to manipulate these products.

Moreover, this example coming from quantum chemistry shows that the convolution of a Laplace pairing by a 2-coboundary is a very natural quantum object. Lemma 3.5 says that all 2-cocycles can be obtained by such a convolution. The adapted normal product can be understood as inducing a transformation of the augmentation. This parallels the situation discussed in Section 3.3.4, as exhibited in equation (31).

The basis change defined by equation (34) appears not only in quantum chemistry, but also in the context of quantum field theory in curved space-time. In Ref.[50] (Theorem 5.1), it is shown that two Wick monomials that can define a quantum field theory in curved space-time are related by equation (34).

6 Conclusions and outlook

We conclude this paper by sketching possible future developments and applications of the presented framework.

From a computational point of view, the Hopf algebra structure presented in this paper was already used to solve two old problems of many-body theory: the hierarchy of Green functions for systems with initial correlation [51] and the many-body generalization of the crystal-field method [52]. More results along these lines might be expected.

In an interesting parallel development Kreimer discovered that the combinatorics of Bogoliubov’s recursion formula of renormalization and Zimmermann’s solution can be expressed in Hopf algebraic terms [53]. This was further elaborated by Connes, Kreimer and Pinter [53, 54, 55]. In particular, it was also shown how this leads to computational improvements compared to traditional methods [56]. It should be possible to connect this Hopf algebraic structure associated with the perturbative Feynman diagram expansion with the algebraic framework introduced in this paper. Indeed, Pinter’s work might be seen as pointing in this direction [55]. More concrete steps for establishing such a connection were performed in [57].

Looking back at Section 3.2 there are really three ingredients to the twist, the Hopf superalgebra H, the comodule (super)algebra A and the 2-cocycle χ. In the case explored in this paper, however, A and H are really the same, namely the algebra of normal ordered field operators (Section 3.3.1). However, the fact that we obtain deformations of this (super)algebra only depends on the choice of A. Insofar the fact that H may also be taken to be this superalgebra (extended to a Hopf superalgebra) is an “accident”. Indeed, H really plays the role of the group of linear additions of field configurations.

One may ask whether a different choice for H (and thus also for the cocycle) may lead to any interesting constructions for QFT. This is indeed the case as evidenced by [11]. There, in essentially the same twist deformation construction for QFT the Hopf algebra H was chosen to correspond to the group of translations of Minkowski space. A certain cocycle then yields as a deformation QFT on noncommutative space-times of the Moyal type.

Thus, the same twist procedure unifies a priori rather different and unrelated constructions in QFT. It seems likely that there is rather more to discover. It should be mentioned in this context that it is straightforward to consider the Hopf algebraic analogues of group products such as direct or semidirect ones. Moreover, in general the twist does not leave H invariant. In particular, it can lead to genuine quantum group symmetries even if the initial objects are group symmetries. See [11, Section 4.4] for examples.

Another interesting direction for generalizing our approach is to non-linear QFT. To this end notice that H (and A_N ) may be seen as the algebra of polynomial functions on field configurations. Considering a non-linear field theory the analogue would be an algebra of functions on field configurations generated by suitably chosen modes. At least for compact group target spaces this is rather straightforward by employing the Peter-Weyl decomposition. Of course H would no longer be cocommutative if the respective group is non-abelian. This implies for example that part of the cohomology theory no longer works. However, the crucial part, namely the Drinfeld twist generalizes to this case. This offers perspectives to describe quantized non-linear QFTs through our approach.

Not elaborated in the course of this work was the intimate connection of Hopf algebraic methods to combinatorics and group representations. The invariant theoretic content of Hopf superalgebraic methods was studied in [26]. The connection of Hopf algebra cohomology to branching laws, group representations and symmetric functions was investigated in [58]. From this contacts to other fields of mathematics one expects further insight into the structure of QFT. This will be considered elsewhere.

Acknowledgments

Ch. B. is very grateful to Romeo Brunetti and Klaus Fredenhagen for an enlightening discussion. R. O. is grateful to Allen Hirshfeld for the invitation to give a seminar on this material at Dortmund University in January 2003 and to Florian Scheck for the invitation to give a Hauptvortrag on this subject at the annual DPG conference in Hannover in March 2003. He was supported through a Marie Curie Fellowship from the European Union. B. F. would like to thank Peter D. Jarvis for fruitful discussions and the possibility to present the material in a series of lectures at the University of Hobart Tasmania, May–July 2003. We thank Iana Anguelova for bringing Borcherds’s paper to our attention.

A Introduction to Hopf ∗-superalgebras

In this appendix we give a detailed list of the definitions and main properties of Hopf superalgebras because this information is scattered in the literature, using various incompatible conventions and notations. Standard references for Hopf algebras and associated structures are [49, 59, 24, 23], and the super case is emphasized in [60]. All vector spaces are over the field C of complex numbers.

A.1 Hopf superalgebras

A vector space H is a super vector space if it can be written as H = H_0 ⊕ H_1. If an element a is in either H_0 or H_1, we say that it is homogeneous. If a ∈ H_0 (resp. a ∈ H_1), we say that it is even (resp. odd) and its parity is |a| = 0 (resp. |a| = 1). The concept of super vector space enables us to consider fermions and bosons on the same footing. A super vector space H is a superalgebra if it is endowed with an associative product and a unit 1 ∈ H_0 and if |ab| = |a| + |b| modulo 2 for any homogeneous elements a and b in H. A superalgebra H is a Hopf superalgebra if it is endowed with a coproduct Δ : H −→ H ⊗ H, a counit ε : H −→ C and an antipode γ : H −→ H, such that:

• Δ is a graded coproduct, i.e. for any homogeneous element a of H, in Δa = ∑ a_{(1)} ⊗ a_{(2)} (using Sweedler’s notation) all a_{(1)} and a_{(2)} are homogeneous and |a| = |a_{(1)}| + |a_{(2)} |.

• Δ and ε are graded algebra morphisms and γ is a graded algebra antimorphism, i.e.

Δ(ab) = ∑ (−1)^{|a(2) ||b(1)|}a_{(1)}b_{(1)} ⊗ a_{(2)}b_{(2)} , ε(ab) = ε(a)ε(b), γ(ab) = (−1)^{|a||b|}γ(b)γ(a); • Δ, ε and γ are unital maps, i.e.

Δ(1) = 1 ⊗ 1, ε(1) = 1, γ(1) = 1;

• Δ is coassociative, i.e.

(Δ ⊗ id) ∘ Δ(a) = (id ⊗ Δ) ∘ Δ(a) ≡ Δ^2(a) = ∑ a_{(1)} ⊗ a_{(2)} ⊗ a_{(3)};

• ε is counital, i.e. ∑ ε(a_{(1)} )a_{(2)} = ∑ a_{(1)} ε(a_{(2)} ) = a;

• γ is counital, i.e. ε(γ(a)) = ε(a), and satisfies the identity ∑ γ(a_{(1)} )a_{(2)} = ∑ a_{(1)}γ(a_{(2)} ) = ε(a)1.

Under these assumptions, the antipode is also a graded coalgebra anti-morphism, that is

Δγ(a) = ∑ γ(a)_{(1)} ⊗ γ(a)_{(2)} = ∑ (−1)^{|a(1) | |a(2)|}γ(a_{(2)} ) ⊗ γ(a_{(1)} ).

A Hopf superalgebra H is graded commutative if ab = (−1)^{|a||b|}ba, and it is graded cocommutative if

Δa = ∑ a_{(1)} ⊗ a_{(2)} = ∑ (−1)^{|a(1) | |a(2)|}a_{(2)} ⊗ a_{(1)},

for any homogeneous a, b ∈ H. If a Hopf superalgebra H is graded commutative or graded cocommutative, then γ(γ(a)) = a for any a ∈ H.

A Hopf superalgebra H is graded if there are super vector spaces H_n for n ∈ N such that H = ⨁ n∈N H_n. If a ∈ H_n we say that a is a homogeneous element of degree n, and we denote the degree of a by deg(a). Moreover, the degree is an algebra map, i.e. if a ∈ H_n and b ∈ H_m then ab ∈ H_{n+m}, and a coalgebra map, i.e. if a ∈ H_n and Δa = ∑ a_{(1)} ⊗ a_{(2)} then a_{(1)} and a_{(2)} are homogeneous elements and deg(a_{(1)} ) + deg(a_{(2)} ) = n. Finally, if a is a homogeneous element, then ε(a) = 0 if deg(a) > 0 and ε(1) = 1.

A.2 Hopf ∗-superalgebra

In quantum field theory, the adjoint operator a → a^∗ plays a prominent role. Its existence is one of the basic principles of axiomatic quantum (field) theories [61, 62, 63]. It is tied to the definition of a positive quantum field state (i.e. a positive continuous linear functional such that ρ(1) = 1 and ρ(uu^∗) ≥ 0). Such a ρ allows via the GNS construction the reconstruction of a Hilbert space picture.

Therefore, it is important to specify the interplay between the adjoint operator and the Hopf superalgebra structure. This is done abstractly be defining a star-operation as a bijection ∗: H → H such that (a^∗)^∗ = a for any a ∈ H, (λa + μb)^∗ = λ̄a^∗ + μ̄b^∗ for any a, b in H and any complex numbers λ and μ (with complex conjugate λ̄ and μ̄). We use De Witt’s convention^9: (ab)^∗ = b^∗a^∗ because it is compatible with the interpretation of ∗ as the Hermitian adjoint of an operator. The action of the star operation on the tensor product is (a ⊗ b)^∗ = (−1)^{|a| |b|}a^∗ ⊗ b^∗. The compatibility of the star operation

9In the mathematical literature, one finds also (ab)^∗ = (−1)^{|a| |b|} b^∗a^∗ (e.g. [64, 65]).

with the parity is |a^∗| = |a|. The compatibility of the star operation with the coproduct is

Δ(a^∗) = ∑ a^∗_{(1)} ⊗ a^∗_{(2)} = (Δa)^∗ = ∑ (−1)^{|a(1) | |a(2) |}a_{(1)}^∗ ⊗ a_{(2)}^∗.

The compatibility of the star operation with the counit is ε(a^∗) = (ε(a))^∗. The compatibility with the antipode is

γ(γ(a^∗ )^∗) = a.

Finally, when the Hopf superalgebra is graded, the star operation must be compatible with this grading: deg(a^∗) = deg(a).

A.3 The symmetric Hopf superalgebra

If V is a vector space, the symmetric Hopf algebra S(V ) was described in pedagogical detail in our paper [15]. Here we consider the symmetric Hopf superalgebra Sym(V ) where V is a super vector space (see [1, Appendix 2]). Let V = V_0 ⊕ V_1 be a super vector space over C , and denote by |v| the parity of a homogeneous element v ∈ V . Let T (V ) = ⊕^∞_{n=0}V^{⊗n} be the tensor algebra on V , with the tensor (free) product ⊗, and unit 1 ∈ C = V^{⊗0}.

The symmetric superalgebra on V is the quotient of T (V ) by the supersymmetric (or graded commutative) relation, that is Sym(V ) = T (V )/⟨u ⊗ v − (−1)^{|u||v|}v ⊗ u⟩, where the elements u, v are homogeneous in V . Since the ideal is generated by a homogeneous relation, the quotient Sym(V ) is still a graded vector space, that is Sym(V ) = ⊕^∞_{n=0}Sym^n(V ), and it has homogeneous components Sym^n(V ) = ∑ p+q=n S p(V_0) ⊗ Λ^q(V_1), where S^p(V_0) denotes the symmetric p-powers on V_0 and Λ^q(V_1) denotes the exterior (skew-symmetric) q-powers on V_1. Then, in the quotient Sym(V ) we denote by ∨ the concatenation product induced by ⊗. Explicitly, for u_1∨ · · · ∨u_r ∈ Sym^r(V ) and v_1∨ · · · ∨v_s ∈ Sym^s(V ) we have (u_1∨ · · · ∨u_r)∨(v_1∨ · · · ∨v_s) = u_1∨ · · · ∨u_r∨v_1∨ · · · ∨v_s ∈ Sym^{r+s}(V ). The product ∨ is associative (as well as ⊗), unital (with unit 1 ∈ C = Sym^0) and graded commutative, that is u∨v = (−1)^{|u||v|}v∨u for homogeneous u, v ∈ V .

As a vector space, Sym(V ) is isomorphic to S(V_0) ⊗ Λ(V_1), but not as an algebra. In fact, in S(V_0) ⊗ Λ(V_1) the product is among each tensor component (bosons with bosons, fermions with fermions), while in Sym(V ) we may wish to multiply the two components (bosons with fermions). As an algebra, Sym(V ) is isomorphic to the superalgebra H_0 ⊕ H_1, where H_0 = S(V_0) ⊗ ⊕^∞_{n=0}Λ^{2n}(V_1) has even parity and H_1 = S(V_0) ⊗ ⊕^∞_{n=0}Λ^{2n+1}(V_1) has odd parity. For this, it suffices to check that H_0∨H_0 and H_1∨H_1 are subsets of H_0, and that H_0∨H_1 and H_1∨H_0 are subsets of H_1.

The symmetric superalgebra Sym(V ) can be endowed with a coassociative coproduct Δ : Sym(V ) → Sym(V ) ⊗ Sym(V ), defined on the generators v ∈ V as Δv = 1⊗v +v ⊗1 and extended to products v_1∨ · · · ∨v_n as an algebra morphism. Due to the graded commutativity of the product ∨, the formula for a generic element of length n can be explicitly given in terms of the (p, n − p)-shuffles, which are the permutations σ on n elements such that σ(1) < · · · < σ(p) and σ(p + 1) < · · · < σ(n): if u = v_1∨ . . . ∨v_n, Δu = u ⊗ 1 + 1 ⊗ u + n−1∑ p=1 (−1)^F v_{σ(1)}∨ . . . ∨v_{σ(p)} ⊗ v_{σ(p+1)}∨ . . . ∨v_{σ(n)}, (36) where F = p∑ i=1 n∑ j=p+1 θ ( σ(i) − σ(j) ) |v_{σ(i)}||v_{σ(j)}|, with θ ( σ(i) − σ(j) ) = 1 if σ(i) > σ(j) and θ ( σ(i) − σ(j) ) = 0 if σ(i) < σ(j).

When all operators are odd (|v_i| = 1 for all i), (−1)^F is the signature (−1)^σ of the permutation σ, when all operators are even, (−1)^F = 1.

The simplest example of equation (36) is

Δ(v_1∨v_2) = v_1∨v_2 ⊗ 1 + 1 ⊗ v_1∨v_2 + v_1 ⊗ v_2 + (−1)^{|v1||v2|}v_2 ⊗ v_1.

The linear map ε : Sym(V ) → C which is the identity on the scalars C = V^0 ⊂ Sym(V ), and zero on higher degrees, is a counit for this coproduct. Moreover an antipode is then automatically defined by induction on the length of the elements. In conclusion, the symmetric superalgebra Sym(V ) has the structure of a graded commutative Hopf superalgebra, as defined in Appendix A.1.

B Cohomology computations for Sym(V )

B.1 Cohomology groups of bosonic Sym(V )

In the bosonic case, i.e. if V is purely even, we can work out the cohomology groups of Sym(V ) as follows.

The symmetric algebra Sym(V ) can be seen as the universal enveloping algebra U(V ) of the abelian Lie algebra V (with all brackets set to zero). Sweedler proves in [18, Thm. 4.1, page 212] that the Hopf algebra cohomology H^•(Sym(V )) is isomorphic to the Hochschild cohomology HH^•(U(V )). This is known to be isomorphic to the Chevalley-Eilenberg cohomology H^•(V ) of the Lie algebra. Since V is abelian, all coboundary operators are zero and H^•(V ) is easily computed: H^•(V ) = [Λ^•(V )]^∗. Hence H^1(Sym(V )) = V^∗ and H^2(Sym(V )) = (Λ^2(V ))^∗ = Hom_C(Λ^2(V ), C ).

B.2 Proofs of cohomological statements

Proof of Proposition 3.1

We first show that T : A_η → A_χ given by T (a) = ∑ ρ(a_{(1)} )a_{(2)} is a comodule map. Using graded cocommutativity we find as required, ∑ T (a)_{(1)} ⊗ T (a)_{(2)} = ∑ ρ(a_{(1)} )a_{(2)} ⊗ a_{(3)} = ∑ a_{(1)} ⊗ ρ(a_{(2)} )a_{(3)} = ∑ a_{(1)} ⊗ T (a_{(2)} ).

We prove secondly that T is a superalgebra isomorphism. We denote the twisted product induced by η by ∘_η and the twisted product induced by χ by ∘_χ. Using graded cocommutativity we find as required,

T (a ∘_η b) = ∑ (−1)^{|b(1)||a(2)|}η(a_{(1)} , b_{(1)})T (a_{(2)}b_{(2)} ) = ∑ (−1)^{|a(1)||a(2) |+|a(1) ||a(3)|+|a(1) ||a(4)|+|a(2) ||a(3) |+|a(2) ||a(4)|+|a(3) ||a(4)|} ∂ρ(a_{(1)} , b_{(1)})χ(a_{(2)} , b_{(2)})ρ(a_{(3)} b_{(3)} )a_{(4)} b_{(4)} = ∑ (−1)^{|b(2)||a(3)|}ρ(a_{(1)} )ρ(b_{(1)} )χ(a_{(2)} , b_{(2)})a_{(3)}b_{(3)} = ∑ (−1)^{|b(1)||a(2)|}χ(a_{(1)} , b_{(1)})T (a_{(2)})T (b_{(2)} ) = ∑ (−1)^{|T (b)(1)||T (a)(2)|}χ(T (a)_{(1)} , T (b)_{(1)} )T (a)_{(2)} T (b)_{(2)} ) =T (a) ∘_χ T (b). For the converse direction we have A = H and the coaction is the coproduct of H. By assumption we have a comodule superalgebra isomorphism T : A_η → A_χ. Let ρ : H → C be defined by ρ := ε ∘ T . Then ρ is unital, ρ(1) = 1. Furthermore, it is invertible with inverse given by ρ^{−1} = ε ∘ T^{−1}, and thus it is a 1-cochain on H. Since T is a comodule map we can show using graded cocommutativity ∑ ρ(a_{(1)} )a_{(2)} = ∑ ε(T (a_{(1)} ))a_{(2)} = ∑ a_{(1)} ε(T (a_{(2)} )) = ∑ T (a)_{(1)} ε(T (a)_{(2)} ) = T (a).

That is, T is determined by ρ as in the proposition. We show that η and χ are cohomologous through ρ, i.e. η = ∂ρ ⋆ χ: η(a, b) = ∑ (−1)^{|a(1) ||a(2)|+|a(1) ||a(3) |+|a(2) ||a(3)|} η(a_{(1)} , b_{(1)})ρ(a_{(2)} b_{(2)} )ρ^{−1}(a_{(3)} b_{(3)}) = ∑ (−1)^{|a(1) ||a(2)|+|a(1) ||a(3) |+|a(2) ||a(3)|} ε ∘ T (η(a_{(1)} , b_{(1)})a_{(2)} b_{(2)})ρ^{−1}(a_{(3)} b_{(3)}) = ∑ (−1)^{|b(1) ||a(2)|}ε ∘ T (a_{(1)} ∘_η b_{(1)})ρ^{−1}(a_{(2)} b_{(2)} ) = ∑ (−1)^{|b(1) ||a(2)|}ε(T (a_{(1)} ) ∘_χ T (b_{(1)} ))ρ^{−1}(a_{(2)} b_{(2)} ) = ∑ (−1)^{|b(2) ||a(3)|}ρ(a_{(1)} )ρ(b_{(1)} )ε(a_{(2)} ∘_χ b_{(2)})ρ^{−1}(a_{(3)} b_{(3)} ) = ∑ (−1)^{|b(1) ||a(2)|}∂ρ(a_{(1)} , b_{(1)})χ(a_{(2)} , b_{(2)}).

This completes the proof.

Proof of Lemma 3.3

We prove that the map μ : Z^1 × N^1 → C^1 given by the convolution product is bijective.

Let ρ ∈ C^1. Define ζ : Sym(V ) → C as follows. Set ζ(1) = 1, set ζ(v) = ρ(v) for v ∈ V and extend ζ to all of Sym(V ) as an algebra homomorphism ζ(a∨b) = ζ(a)ζ(b). (Note that ζ is automatically graded since ρ is graded.) ζ has a convolution inverse ζ^{−1}(a) = ζ(γ(a)) and is thus a 1-cocycle. Now define the 1-cochain η := ζ^{−1} ⋆ ρ. Since η(v) = ζ^{−1}(1)ρ(v) + ζ^{−1}(v)ρ(1) = ρ(v) − ρ(v) = 0 for all v ∈ V , η is in N^1. By construction, ρ = ζ ⋆ η and thus μ is surjective.

Now take ζ̃ ∈ Z^1 and η̃ ∈ N^1. Define ρ := ζ̃ ⋆ η̃ and construct as above ζ, η from ρ. Since ρ(v) = ζ̃(1)η̃(v) + ζ̃(v)η̃(1) = ζ̃(v) for v ∈ V we have by construction of ζ that ζ(v) = ζ̃(v) for v ∈ V . As both ζ and ζ̃ are algebra homomorphisms they must coincide. Consequently η = ζ^{−1} ⋆ρ = ζ̃^{−1} ⋆ζ̃ ⋆η̃ = η̃. This shows that μ is injective.

Proof of Lemma 3.4

We show that a 2-cocycle χ on Sym(V ) is a 2-coboundary if and only if it is symmetric, i.e. χ(a, b) = (−1)^{|a||b|}χ(b, a) for all a, b in Sym(V ).

Let χ be a 2-coboundary, then there is a 1-cochain ρ such that χ(a, b) = ∂ρ(a, b) = ∑ ρ(a_{(1)} )ρ(b_{(1)} )ρ^{−1}(a_{(2)} ∨b_{(2)}).

Since the symmetric product ∨ is graded commutative, the expression on the right is symmetric and χ(a, b) = (−1)^{|a||b|}χ(b, a).

For the reciprocal statement, suppose that χ is a symmetric 2-cocycle. We define a 1-cochain on S(V ) by induction on deg(v). Set ρ(1) = 1, ρ(v) = 0 for all v ∈ V , and ρ(u∨v) = χ^{−1}(u, v) for all u, v ∈ V (which is well defined because χ is symmetric). Now assume that ρ is defined on all elements up to degree ≤ n. For a, b ∈ Sym(V ) with deg(a) + deg(b) = n + 1 and deg(a), deg(b) ≥ 1 (for a or b of deg(0) what is to be shown holds automatically), set ρ(a∨b) = ∑ χ^{−1}(a_{(1)} , b_{(1)})ρ(a_{(2)} )ρ(b_{(2)} ). (37)

Then ρ is well defined because χ^{−1} is symmetric, and therefore ρ(a∨b) = ρ((−1)^{|a||b|}b∨a), and because ρ(a∨(b∨c)) = ρ((a∨b)∨c) if deg(a) + deg(b) + deg(c) = n + 1 and deg(a), deg(b), deg(c) ≥ 1. To show the latter equality, we use equation (37), the 2-cocycle condition (23) and coassociativity of the coproduct to write ρ(a∨(b∨c)) = ∑ (−1)^{|c(1)||b(2)|}χ^{−1}(a_{(1)} , b_{(1)}∨c_{(1)} )ρ(a_{(2)} )ρ(b_{(2)} ∨c_{(2)}) = ∑ (−1)^{|c(1)||b(4)|+|c(2) ||b(4)|+|b(1) ||b(2)|+|c(1)||c(2) |}χ^{−1}(a_{(1)} ∨b_{(1)} , c_{(1)})

χ^{−1}(a_{(2)} , b_{(2)})χ(b_{(3)} , c_{(2)})ρ(a_{(3)} )ρ(b_{(4)} ∨c_{(3)} ) = ∑ (−1)^{|b(1)||b(2)|}χ^{−1}(a_{(1)}∨b_{(1)}, c_{(1)})χ^{−1}(a_{(2)} , b_{(2)})

ρ(a_{(3)} )ρ(b_{(3)} )ρ(c_{(2)} ) = ∑ (−1)^{|b(1)||b(2)|}χ^{−1}(a_{(1)}∨b_{(1)}, c_{(1)})ρ(a_{(2)} ∨b_{(2)} )ρ(c_{(2)} ) = ρ((a∨b)∨c). Finally, inverting (37) to obtain ρ^{−1}(a∨b) = ∑ ρ^{−1}(a_{(1)})ρ^{−1}(b_{(1)})χ(a_{(2)} , b_{(2)}), we can easily show that ∂ρ = χ. In fact, ∂ρ(a, b) = ∑ ρ(a_{(1)} )ρ(b_{(1)} )ρ^{−1}(a_{(2)} ∨b_{(2)}) = ∑ ρ(a_{(1)} )ρ(b_{(1)} )ρ^{−1}(a_{(2)} )ρ^{−1}(b_{(2)})χ(a_{(3)} , b_{(3)}) = ∑ ε(a_{(1)} )ε(b_{(1)} )χ(a_{(2)} , b_{(2)}) = χ(a, b).

Proof of Lemma 3.5

We first consider an auxiliary Lemma.

Lemma B.1. Let χ be a 2-cocycle. If χ is symmetric on V ⊗ V , then χ is symmetric on Sym(V ) ⊗ Sym(V ), i.e. χ ∈ Z^2_{sym}.

Proof. Let χ be a 2-cocycle such that χ(u, v) = (−1)^{|u||v|}χ(v, u). We prove by induction that χ ∈ Z^2_{sym}. Suppose that χ is symmetric on all elements a ⊗ b with deg(a) + deg(b) ≤ n, and let deg(a) + deg(b) + deg(c) = n + 1, with deg(a), deg(b), deg(c) ≥ 1. Using the graded commutativity of the symmetric product ∨, the 2-cocycle condition (23) and the induction hypothesis, we obtain: χ(a, b∨c) = ∑ (−1)^{|a(1) ||a(2)|+|b(1) ||b(2)|+|b(1)||b(3)|} χ^{−1}(b_{(1)} , c_{(1)})χ(a_{(1)} , b_{(2)})χ(a_{(2)} ∨b_{(3)} , c_{(2)}) = ∑ (−1)^{|a(1) ||a(2)|+|b(1) ||b(2)|+|b(1)||b(3)|+|a(1) ||b(2)|+|a(2) ||b(3)|} χ^{−1}(b_{(1)} , c_{(1)})χ(b_{(2)} , a_{(1)})χ(b_{(3)} ∨a_{(2)} , c_{(2)}) = ∑ (−1)^{|a(2) ||b(2)|+|b(1)||b(2)|+|c(2) ||c(3)|} χ^{−1}(b_{(1)} , c_{(1)})χ(a_{(1)} , c_{(2)})χ(b_{(2)} , a_{(2)}∨c_{(3)} ) = ∑ (−1)^{|a(1) ||c(2)|+|a(2) ||b(2)|+|a(2) ||c(3)|+|b(1)||b(2)|+|c(2) ||c(3)|} χ^{−1}(b_{(1)} , c_{(1)})χ(c_{(2)} , a_{(1)})χ(b_{(2)} , c_{(3)}∨a_{(2)} ) = (−1)^{|a||b∨c|}χ(b∨c, a). This completes the proof.

We are now ready to prove the main statement that the map μ : B^2 × R^2_{asym} → Z^2 given by the convolution product is bijective.

Let χ be a 2-cocycle. Define the Laplace pairing λ by λ(u, v) :=^1_2 (χ(u, v) − (−1)^{|u||v|}χ(v, u)) for all u, v in V extended to Sym(V ) by (1) and (2). λ is an antisymmetric Laplace pairing according to the definition (29). By Lemma 3.2 λ is a 2-cocycle and hence σ := χ ⋆ λ^{−1} is also a 2-cocycle. Note that the inverse of λ is the Laplace pairing defined by λ^{−1}(u, v) = −λ(u, v). Thus, σ evaluated on V ⊗ V yields σ(u, v) = ∑ (−1)^{|v(1) ||u(2)|}χ(u_{(1)}, v_{(1)} )λ^{−1}(u_{(2)} , v_{(2)}) = χ(u, v) − λ(u, v) =^1_2 (χ(u, v) + (−1)^{|u||v|}χ(v, u)). That is, σ is symmetric on V ⊗ V . By Lemma B.1 this implies that σ is symmetric on all of Sym(V ) and thus by Lemma 3.4 a 2-coboundary. By construction χ = σ ⋆ λ, i.e. χ can be written as a product of a 2-coboundary σ and an antisymmetric Laplace pairing λ. Hence μ is surjective.

Now take σ̃ ∈ B^2 and λ̃ ∈ R^2_{asym}. Define the 2-cocycle χ := σ̃ ⋆ λ̃. Construct σ ∈ B^2 and λ ∈ R^2_{asym} out of χ as above. Then for u, v in V , χ(u, v) = ∑ (−1)^{|v(1) ||u(2)|}σ̃(u_{(1)} , v_{(1)} )λ̃(u_{(2)}, v_{(2)} ) = σ̃(u, v) + λ̃(u, v). Hence λ(u, v) =^1_2 (χ(u, v)−(−1)^{|u||v|}χ(v, u)) =^1_2 (σ̃(u, v)+λ̃(u, v)−(−1)^{|u||v|}(σ̃(v, u)+ λ̃(v, u))) = λ̃(u, v). We have used that λ̃ is antisymmetric by assumption while σ̃ is symmetric by Lemma 3.4. Since λ and λ̃ are Laplace pairings coinciding on V ⊗ V they must be identical. Consequently σ = χ ⋆ λ̃^{−1} = σ̃ ⋆ λ̃ ⋆ λ̃^{−1} = σ̃. This shows that μ is injective.

References

[1] D. Eisenbud, Commutative Algebra with a view toward Algebraic Geometry, Springer, Berlin, 1995.

[2] V.G. Drinfel’d, Quasi-Hopf algebras, Leningrad Math. J. 1 (1990), 1419–57.

[3] G.C. Wick, The evaluation of the collision matrix, Phys. Rev. 80 (1950), 268–72.

[4] J.L. Anderson, Green’s functions in quantum electrodynamics, Phys. Rev.

94 (1954), 703–11.

[5] H. Stumpf and Th. Borne, Composite Particle Dynamics in Quantum Field Theory, Friedrich Vieweg & Sohn, Braunschweig-Wiesbaden, 1994.

[6] B. Fauser, On the Hopf algebraic origin of Wick normal-ordering, J. Phys.

A: Math. Gen. 34 (2001), 105–116.

[7] B. Fauser, On an easy transition from operator dynamics to generating functionals by Clifford algebras, J. Math. Phys. 39 (1998), 4928–47.

[8] B. Fauser, A treatise on quantum Clifford algebras, Habilitationsschrift, Univ. Konstanz, 2002, math.QA/0202059.

[9] R. Oeckl, Braided quantum field theory, Commun. Math. Phys. 217 (2001), 451–73.

[10] R. Oeckl, Quantum Geometry and Quantum Field Theory, Ph.D. thesis, Cambridge, 2000, http://www.cpt.univ-mrs.fr/~oeckl/.

[11] R. Oeckl, Untwisting noncommutative R^d and the equivalence of quantum field theories, Nucl. Phys. B 581 (2000), 559–574.

[12] R.E. Borcherds, Quantum vertex algebras, Adv. Stud. Pure Math. 31 (2001), 51–74.

[13] R.E. Borcherds, Vertex algebras, Topological field theory, primitive forms and related topics (M. Kashiwara, M. Matsuo, K. Saito, and I. Satake, eds.), Birkhäuser, Boston, 1998, ISBN 0-8176-3979-6, arXiv:math.QA/9903038 v1, pp. 35–77.

[14] Ch. Brouder, A quantum field algebra, Preprint, 2002, arXiv:mathph/0201033.

[15] Ch. Brouder and R. Oeckl, Quantum groups and quantum field theory: The free scalar field, Progress in Mathematical Physics, Nova Science, Hauppauge NY, 2003, arXiv:math-ph/0208118.

[16] R. Ablamowicz and B. Fauser, Efficient algorithms for Clifford products using Hopf gebra methods, Preprint, 2003.

[17] R. Ablamowicz and B. Fauser, Efficient algorithms for meet and join in Graßmann-Cayley algebras, Preprint, 2003.

[18] M.E. Sweedler, Cohomology of algebras over Hopf algebras, Trans. Am.

Math. Soc. 133 (1968), 205–39.

[19] W. Kutzelnigg and D. Mukherjee, Normal order and extended Wick theorem for a multiconfiguration reference wave function, J. Chem. Phys. 107 (1997), 432–49.

[20] B. Fauser, Clifford geometric parameterization of inequivalent vacua, Mathematical Methods in the Applied Sciences 24 (2001), 885–912, hepth/9719947 v2.

[21] V. G. Drinfeld, On constant, quasiclassical solutions of the Yang-Baxter Quantum Equation, Soviet Math. Dokl. 28 (1983), 531–535.

[22] A. C. Hirshfeld and P. Henselder, Star products and perturbative quantum field theory, Ann. Physics 298 (2002), 382–393.

[23] Ch. Kassel, Quantum Groups, Springer Verlag, New York, 1995.

[24] S. Majid, Foundations of Quantum Group Theory, Cambridge University Press, Cambridge, 1995.

[25] P. Doubilet, A Hopf algebra arising from the lattice of partitions of a set, J. Alg. 28 (1974), 127–32.

[26] F.D. Grosshans, G.-C. Rota, and J.A. Stein, Invariant Theory and Superalgebras, Amer. Math. Soc., Providence, 1987.

[27] R. Vein and P. Dale, Determinants and their Applications in Mathematical Physics, Springer, New York, 1999.

[28] Th. Muir, A Treatise on the Theory of Determinants, Dover, New York, 1960.

[29] P.S. Laplace, Recherches sur le calcul intégral et sur le système du monde, Hist. Acad. Roy. Sci. 2 (1772), 267–376.

[30] M. Reed and B. Simon, Methods of Modern Mathematical Physics. II Fourier Analysis, Self-adjointness, Academic Press, New York, 1975.

[31] C. Itzykson and J.-B. Zuber, Quantum Field Theory, McGraw-Hill, New York, 1980.

[32] A.L. Fetter and J.D. Walecka, Quantum Theory of Many-Particle Systems, McGraw-Hill, Boston, 1971.

[33] S. Weinberg, The Quantum Theory of Fields, Cambridge University Press, Cambridge, 1995.

[34] R. Ticciati, Quantum Field Theory for Mathematicians, Cambridge University Press, Cambridge, 1999.

[35] A. Houriet and A. Kind, Classification invariante des termes de la matrix S, Helv. Phys. Acta 22 (1949), 319–30.

[36] E.K.U. Gross, E. Runge, and O. Heinonen, Many-Particle Theory, Adam Hilger, Bristol, 1991.

[37] Ch. Brouder, Quantum groups and interacting quantum fields, Proceedings of the XXIV International Colloquium on Group Theoretical Methods in Physics (J.-P. Gazeau and R. Kerner, eds.), Institute of Physics Publishing, Bristol, 2003, hep-th/0208131.

[38] H. Epstein and V. Glaser, The role of locality in perturbation theory, Ann.

Inst. Henri Poincaré 19 (1973), 211–95.

[39] R. Brunetti and K. Fredenhagen, Interacting quantum fields in curved space: Renormalization of ϕ^4, Operator Algebras and Quantum Field Theory (S. Doplicher, R. Longo, J.E. Roberts, and L. Zsido, eds.), International Press of Boston, Cambridge, 1997, pp. 546–63.

[40] F.J. Dyson, Heisenberg Operators in Quantum Electrodynamics. I, Phys.

Rev. 82 (1951), 428–39.

[41] J. Schwinger, Brownian motion of a quantum oscillator, J. Math. Phys. 2 (1961), 407–32.

[42] L.V. Keldysh, Diagram technique for nonequilibrium processes, Soviet Phys.

JETP 20 (1965), 1018–26.

[43] K.-C. Chou, Z.-B. Su, B.-L. Hao, and L. Yu, Equilibrium and nonequilibrium formalisms made unified, Phys. Repts. 118 (1985), 1–131.

[44] M. Dütsch and K. Fredenhagen, Algebraic quantum field theory, perturbation theory and the loop expansion, Commun. Math. Phys. 219 (2001), 5–30.

[45] E.P. Wigner, Group Theory, Academic Press, New York, 1959.

[46] R.G. Sachs, The Physics of Time Reversal, The University of Chicago Press, Chicago, 1987.

[47] R. F. Streater and A. S. Wightman, PCT, spin & statistics, and all that, W. A. Benjamin, New York, 1964.

[48] O. Bratelli and D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics 1, second ed., Springer, Berlin, 1987.

[49] J.W. Milnor and J.C. Moore, On the structure of Hopf algebras, Annals of Math. 81 (1965), 211–64.

[50] S. Hollands and R.M. Wald, Local Wick polynomials and time ordered products of quantum fields in curved spacetime, Commun. Math. Phys. 223 (2001), 289–326.

[51] Ch. Brouder, Many-body theory of degenerate systems, Preprint, 2003, arXiv:cond-mat/0309558.

[52] Ch. Brouder, A many-body approach to crystal field theory, Preprint, 2003, arXiv:cond-mat/0308058.

[53] D. Kreimer, Chen’s iterated integral represents the operator product expansion, Adv. Th. Math. Phys. 3 (1999), 627–670.

[54] A. Connes and D. Kreimer, Renormalization in quantum field theory and the Riemann-Hilbert problem I: the Hopf algebra structure of graphs and the main theorem, Commun. Math. Phys. 210 (2000), 249–73.

[55] G. Pinter, The Hopf algebra structure of Connes and Kreimer in Epstein- Glaser renormalization, Lett. Math. Phys. 54 (2000), 227–33.

[56] D. J. Broadhurst and D. Kreimer, Combinatoric explosion of renormalization tamed by Hopf algebra: 30-loop Pade-Borel resummation, Phys. Lett. B 475 (2000), 63–70.

[57] Ch. Brouder and B. Schmitt, Quantum groups and quantum field theory:

III Renormalization, in preparation, 2002, arXiv:hep-th/0210097.

[58] B. Fauser and P. D. Jarvis, A Hopf laboratory for symmetric functions, J.

Phys. A. accepted, 2003, arXiv:math-ph/0308043.

[59] M. E. Sweedler, Hopf Algebras, W. A. Benjamin, New York, 1969.

[60] L. Pittner, Algebraic Foundations of Non-Commutative Differential Geometry and Quantum Groups, Springer, Berlin, 1996.

[61] R. Haag, Local Quantum Physics, second ed., Springer, Berlin, 1996.

[62] O. Bratelli and D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics 2, second ed., Springer, Berlin, 1997.

[63] O. Steinmann, Perturbative Quantum Electrodynamics and Axiomatic Field Theory, Springer, Berlin, 2000.

[64] P. Cartier, C. de Witt-Morette, M. Ihl, Ch. Sämann, and M.E. Bell, Supermanifolds - Application to supersymmetry, Multiple Facets of Quantization and Supersymmetry, Michael Marinov Memorial Volume (M. Olshanetsky and A. Vainshtein, eds.), World Scientific, Singapore, 2002, arXiv:mathph/0202026.

[65] L. Pittner and P. Uray, Duals of quasitriangular Hopf superalgebras and the classical limit, J. Math. Phys. 36 (1995), 944–66.